Mobius structures and Ptolemy spaces: boundary 
at infinity of complex hyperbolic spaces 



Sergei Buyalo* & Viktor Schroeder''' 



Abstract 

The paper initiates a systeraatic study of Mobius structures and 
Ptolemy spaces. We conjecture that every compact Ptolemy space with 
circles and many space inversions is Mobius equivalent to the boundary 
at infinity of a rank one symmetric space KH" of noncompact type. 
We prove this conjecture for the class of complex hyperbolic spaces 
C H" as our main result. 

1 Introduction 

The paper initiates a systematic study of Mobius structures and Ptolemy 
spaces. A Mobius structure on a set X is a class of Mobius equivalent 
metrics. If a Mobius structure is fixed then X is called a Mobius space. 
Ptolemy spaces are Mobius spaces with property that the inversion operation 
preserves the Mobius structure. A classical example of a Ptolemy space is 
an extended = M" U oo = 5", n > 0, where the Mobius structure is 
generated by an Euclidean metric on M", and M" U oo is identified with the 
unit sphere S"" C M""^^ via the stereographic projection. For more detail see 
Section [2l 

Our motivation is to find a Mobius characterization of the boundary at 
infinity of rank one symmetric spaces Y of noncompact type. In the case 
Y = H" this problem is solved in |FS2j for every n > 1: every compact 
Ptolemy space such that through any three points there is a Ptolemy circle 
is Mobius equivalent to = doo H"^"*^. Here a Ptolemy circle is a subspace 
Mobius equivalent to the Ptolemy space M = S""^. 

Given distinct points uj, lv' in a Ptolemy space X, there is a well defined 
notion of a metric sphere S between uj, uj' , and a notion of a space inversion 
w.r.t. UJ, uj', S, which is a Mobius involution ^ui,ui',s X ^ X, see sect. 14.11 

We consider a Ptolemy space X with the following basic properties. 
(E) Existence: there is at least one Ptolemy circle in X. 
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(I) Inversion: for each distinct uj, u' ^ X and every metric sphere S <Z X 
between a;, lo' there is a unique space inversion fui^uj'^s '■ X ^ X w.r.t. u, 
bj' and S. 

Conjecture 1.1. Let X he a compact Ptolemy space with properties (E) and 
(I). Then X is Mohius equivalent to the boundary at infinity of a rank one 
symmetric space KH'^ of noncompact type taken with a canonical Mohius 
structure. 

Our main result is the proof of the fohowing particular case of Conjec- 
ture 11.11 which gives a Mobius characterization of the boundary at infinity 
doo H'^ of a real hyperbolic space H'^ as well as of the boundary at infinity 
9ooCH*^ of a complex hyperbolic space CH'^. 

Theorem 1.2. Let X he a compact Ptolemy space with properties (E) and 
(I). Then X is homeomophic to a sphere S"", n > 1, and for every u ^ X 
there is a fihration t:^ of X^^ = X \ uj with fihers homeomophic to W for 
somep, < p < n, such that for uj, uj' the fihrations tt^, tt^j/ are transformed 
to each other hy any space inversion ip : X ^ X with ip{u;) = oj' . So the 
number p is a Mohius invariant of X. In the case p = the space X is 
Mobius equivalent to dooH"'^^ = K". In the case p = 1 the space X is 
Mohius equivalent to dooCH^ with n = 2k — l, k > 2, taken with a canonical 
Mobius structure. 

In sections [2] and [3] we give an introduction to Mobius structures and 
Ptolemy spaces. We emphasize that a Ptolemy space is not just a metric 
space, and there is no distinguished metric in its Mobius structure. This is a 
source of a duality phenomenon between Busemann and distance functions 
which takes place in any Ptolemy space and which cannot be even formu- 
lated for an individual metric space, see Section 13.11 The duality plays an 
important role in our paper. 

The proof of Theorem 11.21 consists of two parts. In the first part, which 
occupies sections H] - [71 we prove Theorem 14.51 That theorem gives a much 
more detailed information about Ptolemy spaces discussed in Coniecture ll.il 
than it is formulated in Theorem 11.21 The second part of the proof occu- 
pies sections [8] - [H] and it is dedicated to a particular case when fibers of 
fibrations tTi^ are homeomorphic to M. 

Acknowledgements. We are thankful to J.-H. Eschenburg for consulting 
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grateful to the University of Ziirich for hospitality and support. 
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2 Mobius structures and Ptolemy spaces 

In this section we discuss basic notions of Mobius geometry. 



2.1 Mobius structures 

A quadruple Q = (x, y, z, u) of points in a set X is said to be admissible 
if no entry occurs three or four times in Q. Two metrics d, d' on X are 
Mobius equivalent if for any admissible quadruple Q = {x,y,z,u) C X the 
respective cross-ratio triples coincide, crtfi{Q) = cictd'iQ), where 

crtdiQ) = {d{x,y)d{z,u) : d{x, z)d{y,u) : d{x,u)d{y, z)) € MP^. 

We actually consider extended metrics on X for which existence of an in- 
finitely remote point uj £ X is allowed, that is, d{x,u}) = 00 for all x £ X, 
X ^ uj. We always assume that such a point is unique if exists, and that 
d{uj,uj) = 0. We use notation X^ := X \uj and the standard conventions 
for the calculation with w = 00. If 00 occurs once in Q, say u = 00, 
then crtrf(x, y, z, 00) = {d{x,y) : d{x,z) : d{y,z)). If 00 occurs twice, say 
z = u = 00, then crtrf(x, y, 00, 00) = (0:1:1). 

A Mobius structure on a set X is a class A4 = Ai{X) of metrics on X 
which are pairwise Mobius equivalent. 
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The topology considered on {X, d) is the topology with the basis con- 
sisting of all open distance balls Br{x) around points in x G X^^ and the 
complements X \ D of all closed distance balls D = {x) . Mobius equiva- 
lent metrics define the same topology on X. When a Mobius structure M. 
on X is fixed, we say that {X,M.) or simply X is a Mobius space. 

A map / : X — 7- X' between two Mobius spaces is called Mobius, if / is 
injective and for all admissible quadruples Q C X 

crt(/(Q)) = crt(Q), 

where the cross-ratio triples are taken with respect to some (and hence any) 
metric of the Mobius structures of X, X' . Mobius maps are continuous. If 
a Mobius map f : X ^ X' is bijective, then is Mobius, / is homeomor- 
phism, and the Mobius spaces X, X' are said to be Mobius equivalent. 

In general different metrics in a Mobius structure M. can look very dif- 
ferent. However if two metrics have the same infinitely remote point, then 
they are homothetic. Since this result is crucial for our considerations, we 
state it lemma. 

Lemma 2.1. Let M be a Mobius structure on a set X , and let d, d' & Ai 
have the same infinitely remote point cj G X. Then there exists A > 0, such 
that d'{x, y) = Xd{x, y) for all x, y E X. 

Proof. Since otherwise the result is trivial, we can assume that there are 
distinct points x, y e X^. Take A > such that d'{x,y) = \d{x,y). If 

z G X^, then cvtd{x,y, z,uj) = crtd' {x, y , z,uj), hence {d'{x,y) : d'{x,z) : 
d'{y,z)) = {d{x,y) : d{x,z) : d{y,z)). Since d'{x,y) = Xd{x,y) we therefore 
obtain d'{x,z) = \d{x,z) and d'{y,z) = Xd{y,x). □ 

In what follows we always consider = X \ a; as a metric space with a 
metric from the Mobius structure for which the point u is infinitely remote. 

A classical example of a Mobius space is the extended M" = M"Uoo = S", 
n > 1, where the Mobius structure is generated by some extended Euclidean 
metric on M", and M" U oo is identified with the unit sphere S"" C W^^^ 
via the stereographic projection. Note that Euclidean metrics which are not 
homothetic to each other generate different Mobius structures by the lemma 
above, which however are Mobius equivalent. 

2.2 Ptolemy spaces 

A Mobius space X is called a Ptolemy space, if it satisfies the Ptolemy 
property, that is, for all admissible quadruples Q C X the entries of the 
respective cross-ratio triple crt((5) G MP^ satisfies the triangle inequality. 
We can reformulate this property as follows. 

Let S be the subset of points (a : 6 : c) G MP^, where all entries a, b, c 
are nonnegative or all entries are nonpositive. Note that S can be identified 
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with the standard 2-simplex, {(a, 6, c) G : a, 6, c > 0, a + 5 + c = 1}. Let 
A C S be the set of points (a : b : c) £ T, such that the entries a, b, c 
satisfy the triangle inequahty. This is obviously well defined. If we identify 
S C MP^ with the standard 2-simplex, i.e. the convex hull of the unit 
vectors ei, 62, 63, then A is the convex subset spanned by (0, ^, (^,0, ^) 
and (i,i,0). 

The importance of the Ptolemy property comes from the following fact. 
Given a metric d G M{X) possibly with infinitely remote point u £ X and a 
point z G X^, the metric inversion, or m- inversion for brevity, of d of radius 
r > with respect to z is a function dz{x,y) = t)d'{zy) x, y £ X 

distinct from z, dz{x, z) = 00 for all 2; G X \ {z} and dz{z, z) = 0. Using the 

2 

standard convention we also have dz{x,uj) = ^j^j^j. A direct computation 
shows that dz is Mobius equivalent to d. 

Remark 2.2. When saying about an m-inversion of a metric without speci- 
fying its radius, we mean that the radius is 1. 

In general dz is not a metric because the triangle inequality may not be 
satisfied. However, we have 

Proposition 2.3. A Mobius structure A4 on a set X is Ptolemy if and only 
if for all z £ X there exists a metric dz £ M with infinitely remote point z. 

Proof. Assume that M is Ptolemy and that z £ X. Choose some d £ M. 
If z is infinitely remote with respect to d then d is our desired metric. If 
not we define dz as the m-inversion (of radius r = 1) of d with respect to z. 
Since ior x, y, u £ X \ z 

{dz{x,y) : dz{y,u) : dz{x,u)) = crtd,{x,y, z,u) = crtrf(x, y, z, u) £ A 

we see that dz satisfies the triangle inequality and hence dz £ M- 

If on the other hand for every z £ X there is a metric dz £ A4 with 
infinitely remote point z, then for all x, y, u £ X \ z and all d £ A4 

crtrf(x,7/,z,n) = crtd^{x,y,z,u) = {dz{x,y) : dz{y,u) : dz{x,u)) £ A, 

which implies the Ptolemy property. □ 

The classical example of Ptolemy space is M" with a standard Mobius 
structure as it follows from the proposition above. Here is the list some 
known results on metric spaces with Ptolemy property. A real normed vec- 
tor space, which is ptolemaic, is an inner product space (Schoenberg, 1952, 
[Sch] ) : a Riemannian locally ptolemaic space is nonpositively curved (Kay, 
1963, |Kay |); all Bourdon and Hamenstadt metrics on dooY , where Y is 
CAT(— 1), generate a Ptolemy space (Foertsch-Schroeder, 2006, |FSlj ): a 
geodesic metric space is CAT(O) if and only if it is ptolemaic and Buse- 
mann convex, a ptolemaic proper geodesic metric space is uniquely geodesic 
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(Foertsch-Lytchak-Schroeder, 2007, |FLSj ): any Hadamard space ptolemaic, 
a complete Riemannian manifold is ptolemaic if and only if it is a Hadamard 
manifold, a Finsler ptolemaic manifold is Riemannian (Buckley- Falk- Wraith, 
2009, |BFW) ). These results allow to suggest that the Ptolemy property is 
a sort of a Mobius invariant nonpositive curvature condition. 

2.3 Circles in Ptolemy spaces 

A Ptolemy circle in a Ptolemy space X is a subset a C X homeomorphic 
to such that for every quadruple (x, y, z,u) ^ a of distinct points the 
equality 

d{x, z)d{y, u) = d{x, y)d{z, u) + d{x, u)d{y, z) (1) 

holds for some and hence for any metric d of the Mobius structure , where 
it is supposed that the pair {x,z) separates the pair {y,u), i.e. y and u are 
in different components of cr \ {x, z}. Recall the classical Ptolemy theorem 
that four points x, y, z, u of the Euclidean plane lie on a circle (in this 
order) if and only if their distances satisfy the Ptolemy equality ([1]). One 
can reformulate this via the cross ratio triple. A subset a homeomorphic to 
S"^ is a Ptolemy circle, if and only if for all admissible quadruples (x, y, z, u) 
of points in a we have crt(x, y, 2, u) G 5A, where the set A is defined in 
sect. [221 

Let 0" be a Ptolemy circle passing through the infinitely remote point u 
for some metric d ^ M. and let cr^ = cr \ w. Then cit{x,y, z,uj) G 5A says 
that for X, y, z £ (in this order) d{x, y) + d{y, z) = d{x, z), i.e. it implies 
that cr^ is a geodesic, actually a complete geodesic isometric to M. 

We recall the following facts from [FS2j . Let a be a Ptolemy circle in 
a Ptolemy space and let xi, X2, X3 £ a he distinct points, then the map 
a — )• dA, 1 1—)- crt{xi,X2,X3,t) is a homeomorphism. The inverse of this map 
gives a canonical parametrization of a (for given points xi, X2, x^ G a). By 
composing two of these canonical parameterizations we have: 

Proposition 2.4. Let a and a' be Ptolemy circles. Let xi, X2, x^ and x'l, 
x'2, X3 be distinct points on a respectively on a' . Then there exists a unique 
Mobius homeomorphism ip : a ^ a' with ip{xi) = x[. □ 

In particular all Ptolemy circles are Mobius equivalent. The standard 
metric models of a circle are (K, d), where d is the standard Euclidean met- 
ric, or {S^,dc), where dc is the chordal metric on S^, i.e. the metric induced 
by the standard embedding C as a unit circle. These two standard 
realizations of a circle are Mobius equivalent via the stereographic projec- 
tion. Note that by Lemma 12.11 there is up to homothety only one metric 
on a circle with a infinitely remote point, while there are plenty of bounded 
metrics (for a description of all Ptolemy metrics on see [FS2J ). 
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3 Properties of Ptolemy spaces 



In this section we discuss various properties of Ptolemy spaces which in- 
clude duality between Busemann and distance functions, and Busemann 
flat Ptolemy spaces. 

3.1 Duality between Busemann and distance functions 

Let X be a Ptolemy space, d a metric of the Mobius structure with infinitely 
remote point = X\oj. Recall that every Ptolemy circle a <Z X that 

passes through oj is isometric w.r.t. d to a geodesic line. Such a line / = a^^ 
is called a Ptolemy line. We fix w' G I, and let d! be the m-inversion of d 
w.r.t. oj' . Then d' is a metric of the Mobius structure with infinitely remote 
point w'. In particular, /' = a^i is a Ptolemy line in X^/. One easily checks 
that d is the m-inversion of d' w.r.t. cj, that is, the inversion operation (of 
radius 1) is involutive. 

With every oriented Ptolemy line I C X^ and every point uj' £ I we 
associate a function b : X^ — )■ M, called a Busemann function of as fol- 
lows. Given x £ X^^, the difference — \uj'y\ is nonincreasing by triangle 
inequality as y £ I goes to infinity according the orientation of /, y > u'. 
Thus the limit b{x) = liini^y^^(\xy\ — \uj'y\) exists. Note that b(uj') = 
and b{x) = —\uj'x\ for all I 3 x > u'. 

For any Ptolemy space X there is a remarkable duality between Buse- 
mann and distance functions which is described as follows. Let c : M — t- X^/ 
be a unit speed parameterization of I' with c(0) = uj, b^ : X^^ — )• M the op- 
posite Busemann functions of that is, associated with opposite ends of I, 
which are normalized by b^{u!') = and b'^ o c{t) < for t > 0, 6~ o c{t) < 
for t < 0. Since d{x,uj') ■ d'{x,uj) = 1 for every x £ X \ {u;,u}'}, we have 
6± oc(t) = ^1/t for all t / 0. 

Proposition 3.1. For all x £ X \ {uj,uj'} we have 



where is the right/— left derivative. 

Proof. We first note that the function t i— t- d'{x,c{t)) is convex by the 
Ptolemy condition, and thus it has the right and the left derivatives at 
every point. Hence, the right hand side of Equation ([2]) is well defined. By 



^^(^) = -3-ln(i'(x,c(t))|t=o, 



(2) 



definition, d{x, y) 
Now, we compute 



d'{x,y) 



and d{x,uj') 



1 



for all X, y £ X^ 



d' {u),x)d' {bj,y) 



d'{x,uj) 



d{x,c{t)) - d{uj',c{t)) 



d'{x,c{t)) 1 



d'{LO,x)d'{uj,c{t)) d'{uj,c{t)) 
un77^7nx^id'{x,cit))-d'{x,ci0)) 
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for all t ^ 0, because d'{x,oj) = d'{x,c{0)) and d'{uj,c{t)) = \t\. Since 
b^{x) = \im.t~^±o{d{x , c{t)) — d{uj' , c{t))) , we obtain 

b^ix) = ^lnd'ix,cmt=o- 

□ 

Given a Ptolemy circle a £ X and distinct points uj, oj' G o", we denote 
with D^^ the subset in X^/ which consists of all x such that w is a closest 
to X point in the geodesic line a^i (w.r.t. the metric of X^i). 

Lemma 3.2. Let X he a Ptolemy space. Then for every Ptolemy circle 
a <Z X and each pair of distinct points uj, uj' £ a we have 

<,U^' = B-^,U^, (3) 

where B'^^^, = {x £ X^ : > and b-{x) >0},b^:X^^m are the 

opposite Busemann functions of the Ptolemy line a^^ C X^ with b^{io') = 0. 

Proof. Denote with d' the metric of X^^' and let c : M — )■ X^/ be the unit 
speed parameterization of the Ptolemy line a^^/ C X^^' such that c(0) = lj 
and b^ o c(i) = ^l/t, see the paragraph preceding Proposition 13.11 For 
every x G Da'ui have ^d'{x,c{t))t=o > for the right derivative, and 
— ^d'{x,c{t))t=o < for left derivative because t = is a minimum point 
of the convex function 1 1— )• d'{x,c(t)). Equation ([2]) implies that x £ B'^^,. 

Assume that b'^{x) > and b~{x) > for some x € X \ {lj,uj'}. Equa- 
tion ([2]) implies that the right derivative ^d'{x,c{t))t=o > and the left 
derivative -^d'{x,c{t))t=o < 0. Thus t = is a minimum point of the 
convex function 1 1— )■ d'{x,c{t)) and hence x G D^'ui- ^ 

3.2 Busemann flat Ptolemy spaces 

A Ptolemy space X is said to be (Busemann) flat if for every Ptolemy circle 
a C X and every point a; G a, we have 

5+ + 6^ = const (4) 

for opposite Busemann functions b^ : X^ — )• M associated with Ptolemy line 
(Ji^. This property is equivalent to that any horospheres of 6^, b^ coincide 
whenever they have a common point. Thus the horosphere H'^^, C X^^ of 
through oj' G a^i is well defined in a fiat Ptolemy space. 

Proposition 3.3. A Ptolemy space X is flat if and only for every lj G X and 
every x G X^ the distance function d{x, •) is -smooth along any Ptolemy 
line I C Xi^, I ^ x. 
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Proof. Assume that distance functions are C -smooth along Ptolemy lines. 
We fix cj G X, a Ptolemy line / C X^, and let be opposite Busemann 
functions of /. We suppose W.L.G. that b'^{uj') = for some point uj' G I. 
Then = along I. Equation ^ implies that in fact b'^(x)+b^{x) = 

for every x G X^. Thus X is flat. 

Conversely, assume that X is flat. Given u' £ X, a Ptolemy line I' G X^j' 
and X G X^^i we show that the distance function d'{x,-) in X^/ is C^- 
smooth along I' at every point u £ I'. 

Let c : M — 7- X^^i by a unit speed parameterization of /' with c(0) = uj, 
b^ : X^ — 7- R the opposite Busemann function associated with the Ptolemy 
hue I = {I' U uj') \u} C X^ such that b^{u}') = 0, 5+ o c{t) < for all 
t > 0. Then b^ + b^ = by the assumption, and by Proposition 13 . 1 1 we have 
^d'{x,c{t))\t=o = —^d'{x,c{t))\t=o, where ^ is the right derivative and 
— ^ is the left derivative. Hence d'{x, •) is C^-smooth. □ 

By Proposition 13.31 the duality equation ([2]) in a flat Ptolemy space X 
takes the following form 

b^{x) = ±j^lnd'{x,cmt=o. (5) 

Example 3.4. The Ptolemy space H , n > 2, generated by the real hyper- 
bolic space H", is not flat because the equality b'^ + b~ = const is violated in 
H". (Recall that H*^ possesses the Ptolemy property and thus it generates 
a Ptolemy space by taking all metrics on H which are Mobius equivalent 
to the metric of H".) Note that the distance function d{x, •) : H" — t- R is 
smooth for every x G H" along any geodesic line I, x ^ I C H". This does 
not contradict Proposition 13.31 because the m-inversion of d with respect to 
any point x G H" has a singularity at the infinity point of H . 

In flat Ptolemy spaces, the duality between distance and Busemann func- 
tions is as follows. 

Lemma 3.5. Let X be a flat Ptolemy space, a C X a Ptolemy circle, and 
u:, u' <Z CT distinct points. Let H'^^, C be the horosphere through uj' of 

the Ptolemy line a^^ C X^, D^^ C the set of all x G X^^t such that uj is 
the closest to x point in the Ptolemy line a^^i. Then 

Hl^,yjuj = D'i^^yjuj'. (6) 

Proof. In a flat Ptolemy space we have H'^^, = -B^^, because level sets of 
opposite Busemann functions associated with a Ptolemy line coincide when 
they have a common point. On the other hand, by duality. Lemma [321 we 
have B"^, ,, U w = D^^^' U uj' . □ 
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4 Ptolemy spaces with circles and many space in- 
versions 

We begin this section with discussion of what is a space inversion of an 
arbitrary Ptolemy space. 

4.1 Space inversions 

A Mobius automorphism ip : X ^ X of a Ptolemy space induces a map ip* : 
A4 — A4, {ip*d){x,y) = d{(p{x),ip{y)) for every metric d £ M. and each x, 
y €z X, where Ai is the Mobius structure of X. Note that a metric inversion 
of a bounded metric cannot be induced by any Mobius automorphism X — ?■ 
X, because a metric inversion w.r.t. co £ X has ui as the infinitely remote 
point. 

Given distinct co, uj' G X, we say that a subset 5* C X is a metric sphere 
between u, uj', if 

S = {xeX : d{x,uj) = r} = Sf.{io) 

for some metric d G with infinitely remote point u' and some r > 0. 
Recall that any two such metrics d, d' € Ai are proportional to each other, 
d' = Xd for some A > 0, see Lemma \2A] Then S!^{uj) = Sf^{uj). Moreover, 
this notion is symmetric w.r.t. uj, lo', because any metric d' £ Ai with 
infinitely remote point uj is proportional to the m-inversion of d w.r.t. uj, 
and we can assume that d' is the m-inversion itself. Then S = {x € X : 
d'{x,uj') = 1/r}. 

We define a space inversion, or s-inversion for brevity, w.r.t. distinct uj, 
uj' £ X and a metric sphere S C X between uj, uj' as a Mobius automorphism 
if = ipu),u)',s '■ X ^ X such that 

(1) if is an involution, ip^ = id, without fixed points; 

(2) 99(0;) = uj' (and thus ^{uj') = uj); 

(3) 93 preserves S, (p{S) = S; 

(4) <f{cr) = a for any Ptolemy circle a d X through uj, uj' . 

Remark 4.1. Motivation of this definition comes from the fact that in the 
case X = dooM, where M is a symmetric rank one space of noncompact 
type, any central symmetry f : M ^ M with a center o £ M, f{o) = o, 
induces a space inversion doof = ^u),ui',s ■ X ^ X, where a geodesic line 
I = ujuj' C Y with the end points uj, uj' passes through o, and C X is a 
metric sphere between uj, uj' , see Proposition 114.21 
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Remark 4.2. In general, there is no reason that an s-inversion ip = ,s 
is uniquely determined by its data a;, w', S. However, if is another s- 
inversion with the same data, then it coincides with (p along any Ptolemy 
circle through w, u' because any Mobius automorphism of a Ptolemy circle is 
uniquely determined by values at three distinct points, see Proposition [ 



Lemma 4.3. Given distinct uj, uj' G X and a metric sphere S C X between 
oj, u' , for any metric d £ Ai with infinitely remote point oj' , an s-inversion 
if = ipui^ui',s induces the m-inversion of d w.r.t. u of radius r = r{d) > 0, 

d{x,u])d^,Lj) ' ^^^'"^ ^ determined by S — S^{lj), and x, y G X 
are not equal to lo simultaneously. The similar property holds true for any 
metric d' & Ai with the infinitely remote point uj. 

Proof. Since (p{u;) = uj' , the point uj is infinitely remote for the metric ip*d. 
Thus ip*d = Xd' for some A > 0, where d' is the m-inversion of d w.r.t. uj, 

[ip d){x,y) - 



d{x, uj)d{y, uj) 



for each x, y £ X which are not equal to uj simultaneously. We compute A 
by taking x £ S, y = (p{x). Then if{y) = x by (1), and since {ip*d){x,y) = 
d{x, y), d{x, uj) = r = d{y, uj), we have A = r^. □ 

Contrary to metric inversions which always exist, in general there is no 
reason for a space inversion to exist. If however an s-inversion ip = (Puj,u}',s '■ 
X ^ X exists, and S = S'^{uj) for a metric d £ A4 with infinitely remote 
point uj' , then S = Sr (w'). This follows from Lemma 14.31 Moreover, 
Lemma 14.31 implies that (p*{ip*d) = d for any metric d € A4 with infinitely 
remote point uj or uj'. Thus the property (1) agrees with Lemma 14. 3t and 
actually (1) refines the property ip*{ip*d) = d. 

Lemma 4.4. For any metric sphere S' C X between uj, uj' , we have fiS') 
is a metric sphere between uj, uj' for every s-inversion ip = ipu,^' ,s '. X ^ X. 
More precisely, if S = S^{uj), S' = S^,{uj), then ip{S') = 5^2/^,(w). 

Proof. For every x £ S',hy Lemma 14.31 we have 

d{ip{x),uj) = {ip*d){x,uj') = — = r^/r', 

d[x, UJ) 

hence the claim. □ 

In support of Conjecture 11.11 we prove the following theorem which re- 
covers some basic features of 5ooIKII". To formulate it, we introduce another 
important property which is useful for many things. 

(E2) Extension: any Mobius map between any Ptolemy circles in X extends 
to a Mobius automorphism of X. 
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Theorem 4.5. Let X be a compact Ptolemy space with properties (E) and 
(I) (see sect. QP. Then X is homeomorphic to a sphere for some n > 
1, possesses the extension property (E2), (i,nd for every u £ X there is 
a 1-Lipschitz submetry tt^ : — )• B^^ with the base B^^ isometric to an 
Euclidean space M'^, < A; < n, such that any Mobius automorphism ip : 
X — 7- X with (p{uj) = uj' induces a homothety Tp : B^^ — t- B^^i with vr^/ o = 

The fibers of tt^ also called "K-lines are homeomorphic to W for some 
p > 0, k + p = n, and for them the following properties hold 

(^k) given a K-line F C X^^ and x £ X\E, there is a unique Ptolemy line 
I C Xi^ through x that intersects E; 

(2^) given distinct "K-lines E , E' C X^ and two Ptolemy line that intersect 
both E, E' , if any other "K-line E" C Xi^ intersects one of the Ptolemy 
lines, then it necessarily intersects the other. 

Eurthermore, ifk = l, then X = M is a Ptolemy circle. 

Remark 4.6. In the case p = the space X from Theorem 14.51 is Mobius 
equivalent to M" = 5oo H""^^ with n = dimX. This proves Conjecture 11.11 
for real hyperbolic spaces. 

Remark 4.7. Recall that a map f : X ^ Y between metric spaces is called a 
.submetry if for every ball Br{x) C X of radius r > centered at x its image 
f{Br{x)) coincides with the ball Br{f{x)) C Y . 

In what follows, we always consider the weak topology on the group 
Aut X of Mobius automorphisms of X, i.e. a sequence tpi G Aut X converges 
to G Aut X, (pi — )• if, if and only if ipi{x) — )• p{x) for every x S X. 

4.2 Mobius automorphisms of X 

In this section we establish some important additional properties of a Ptolemy 
space X which follow from (E) and (I). 

Given two distinct points a;, uj' € X, we denote with C^^^^i the set of all 
the Ptolemy circles a C X through oj, uj' , and with T^^^^i the group of Mobius 
automorphisms 93 : X — )• X such that ip{uj) = w, ^{oj') = uj', ip{a) = a and 
if preserves an orientation of a for every a € C(^,i^'. 

Proposition 4.8. Any Ptolemy space X with properties (E) and (I) pos- 
sesses the following property 

(H) Homothety: for each distinct lj, uj' £ X the group F^^oj' o,cts transitively 
on every arc of a\ {uj,uj'} for every circle a € Ci^j^uj'- 

Remark 4.9. If one of the points uj, uj' is infinitely remote for a metric d of 
the Mobius structure, then every 7 G P^^^^/ is a homothety w.r.t. d. This is 
why we use (H) for the notation of the property above. 
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Proof. We assume that to' is infinitely remote for a metric d £ M. Then 
for any a £ C^^^' the curve a^' = a \ uj' is a Ptolemy line w.r.t. d, and any 
7 £ rLj,w' acts on a^j' as a homothety preserving an orientation. 

Composing s-inversions ip = ^ui,ui',s^ = ^lu,ui',s' of X, where S, S' C X 
are spheres between cj, cj', we obtain a Mobius automorphism j = cp' o ip 
with properties 'y{uj) = oj, "y{uj') = oj' and 7(0") = a for any Ptolemy circle 
a G C^^^'. Having no fixed point, both ip, ip' preserve orientations of a. 
Hence, 7 preserves its orientations, thus 7 acts on every arc of cr \ {to, to'} as 
a homothety. That is, 7 G T^^^/. 

Let r, r' > be the radii of S, S' respectively w.r.t. the metric d, 
S = 5*^(0;), S' = S^,{uj). Then for every x G X\{uj,uj'} we have d{(p{x),uj) = 
3^ and d{'y{x),u}) = d{ip' o ip{x),ip' {J)) = ^(^^^ = {r' /rfd{x,i^). 

Therefore, the dilatation coefficient of 7 equals A := (r'/r)^, and it can be 
chosen arbitrarily by changing S, S' appropriately. □ 

Corollary 4.10. Any two distinct Ptolemy circles in a Ptolemy space with 
properties (E) and (I) have in common at most two points. 

Proof. Assume cj, Ci;', x G a n a' are distinct common points of Ptolemy 
circles a, a' C X. We have 7(x) £ a Ci a' for every 7 G T^^^i'- Then by 
property (H), the arcs of a and a' between uj, uj' which contain x coincide. 
Taking oj" inside of this common arc and applying the same argument to 
uj' , u" , x = io, we obtain a = a' . □ 

4.3 Busemann parallel lines, pure homotheties and shifts 

In this section we assume that the Ptolemy space X possesses the properties 
(E) an (I). A some point, we also assume that X is compact. 

We say that Ptolemy lines I, I' C X^^ are Busemann parallel if I, I' share 
Busemann functions, that is, any Busemann function associated with I is 
also a Busemann function associated with I' and vice versa. 

Lemma 4.11. Let I, I' C X^^ be Ptolemy lines with a common point, G 
Inl', b : Xi^ — 7- R a Busemann function of I with 6(0) = 0. Assume boc{t) = 
—t = bo c'{t) for all t > and for appropriate unit speed parameterizations 
c, c' : M — )• Xi^ of I, I' respectively with c(0) = o = c'(0). Then 1 = 1'. In 
particular, Busemann parallel Ptolemy lines coincide if they have a common 
point. 

Proof. We show that the concatenation of c|(— oo,0] with c'|[0,oo) is also 
a Ptolemy line. Then / = /' by Corollary l4.1Ui It suffices to show that 
for s, t > we have \c{—s)c' {t)\ = t + s. By triangle inequality we have 
\c{—s)c' {t)\ <t + s. Letting — )• 00 we have \c'{t)c{ti)\ —ti^ boc'{t) = ~t. 
Thus by triangle inequality again, we have 

\c{-s)c'it)\ > \ci-s)c{ti)\ - \c'it)c{ti)\ = {ti + s)- \c'{t)c{ti)\ ^t + s. 
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Thus \c{-s)c'{t)\ = t + s. 



□ 



Next, we show that a subhnear divergence of Ptolemy hnes is equivalent 
for them to be Busemann parallel. 

Lemma 4.12. If two Ptolemy lines I, I' C are Busemann parallel, then 
they diverge at most sublinearly, that is \c{t)c' {t)\/\t\ as |t| —)• oo for 
appropriate unit speed parameterizations c, c' of I, I'. 

Conversely, if \c{ti)c'{ti)\/\ti\ — )• for some sequences ti — )• ±00, then 
the lines I, V are Busemann parallel. 

Proof. Let c, c' : M — t- be unit speed parameterizations of Busemann 
parallel lines I, I' C X^ respectively, and a common Busemann function 
6 : M such that b o c{t) = bo c'{t) = -t for ah t e M. Let fi{t) := 

\c{t)c'{t)\. We claim that fi{t)/\t\ — >• for t — )• ±00. Assume to the contrary, 
that W.L.G. there exists a sequence — )■ 00 with fi{ti)/ti > a > 0. 

By the homothety property (H) there exists a homothety (pi of Xi^ with 
factor 1/ti such that ipi o c(s) = c{s/tj) for all s G M. Note that c^(s) = 
ifi o c'{tis) is a unit speed parameterization of the Ptolemy line ipi{l'). For 
fixed i we calculate 

hoc'iit)) = lim (|c^(t)c(s)| -s)= lim {\^i{c' {tt,))c{s)\ - s) 

= lim {\Lpi{c!{tti))c{s/ti)\ - s/ti) = lim {\^pi{c {tti))Lpi{c{s))\ - s/ti) 

= lim ]-{\c'{tti)c{s)\ -s) = ^b{c'{tti)) = U-tti) = -t 

s^oo ti ti ti 

for all t G M. The Ptolemy lines '^i{l') subconverge to a Ptolemy line I" 
through c(0). If c" : M — t- X is the limit unit speed parameterization of 
then boc"{t) = -t for aU t £ R, and |c"(l)c(l)| > a > 0. This contradicts 
Lemma STU by which / = /' and thus c"{t) = c{t) for ah t G M. 

Conversely, assume c, c' : M — )• X^^ are unit speed parameterizations of 
Ptolemy hnes /, /' C X^ with c(0) = o, c'(0) = 0' such that b{o) = b{o') = 
for the Busemann function b : X^ — )• M of / with b o c(t) = — t, t G M, 
and fi(ti)/ti — )• for some sequence ti — )• 00, where fj.{t) = \c{t)c'(t)\. Let 
b' : Xi^ — )• M be the Busemann function of /' with b' o c'{t) = —t. Applying 
the Ptolemy inequality to the cross-ration triple cit (Qi) of the quadruple 
Qi = {o,c{ti),c'{ti),o'), we obtain 

\\oc'{ti)\\o'c{ti)\ - \oc{ti)\\o'c'{ti)\\ < \oo'\\c{ti)c'{ti)\. 

Using \oc{t,)\ =ti = \o'c'{ti)\, \o'c{ti)\ = b{o') + t, + o(l), \oc'{ti)\ = b'{o) + 
ti + 0(1), and \c{ti)c' {ti)\ = n{ti) = o(l)ti, we obtain 

\{b'{o) + t, + o{l)){b{o') + ti + o{l))-tj\ < \oo'\o{l)ti, 

thus \b'{o)\ < 0(1) and hence b'{o) = b{o') = 0. 
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Finally, for an arbitrary x G consider the quadruple Qx,i = {x, c{ti) , c' (ti) , o). 
By the same argument as above, we have 

\\xc{ti)\ti - \xc{ti)\\oc {ti)\\ < \ox\fi{ti). 

Using \oc'{ti)\ = b'{o) + ti + o(l) =ti + o(l), \xc'{ti)\ = b'{x) + U + o(l), 
|a;c(ti)| = b{x) + t « + o(l), we finally obtain \b'{x) — b{x)\ < o(l) and hence 
b{x) = b'{x). Therefore, the lines /, /' are Busemann parallel. □ 

Now, we assume that our Ptolemy space X is compact. Given x, x' G X^^, 
we construct an isometry rj^x' '■ X^ — )• X^ called a shift as follows. We take a 
sequence Aj — )• oo and using the homothety property (H) for every i consider 
homotheties ipi S ^u,xi '4'i ^ '^u),x' with coefficient Aj. Then rji = o tp^ 
is an isometry of X^^ for every i because the coefficient of the homothety 
rfi is 1. Furthermore, we have \rii{x)x'\ = A~^|xx'| — t- as i — )■ oo. Since 
X is compact, the sequence rji subconverges to an isometry r/ = rj^x' with 
'rj{x) = x' . The term shift for r] is justified by the following 

Lemma 4.13. A shift rjxx' moves any Ptolemy line I through x to a Buse- 
mann parallel Ptolemy line r]xx'{l) through x' . 

Proof. We show that the line /' = r/xx'(0 cannot have a linear divergence 
with I. Assume to the contrary that > at for some a > and all i > 0, 
where //(t) = |c(f)c'(t)|, c : M — X^ is a unit speed parameterization of I 
with c(0) = X, c' = rjxx' ° c. 

Recall that rjxx' = hmr/j, where r]i = ■0"^ o (fi, and ipi G T^^^x, i^i £ ^uj,x' 
are homotheties with the same coefficient Aj — t- oo. By definition of the 
groups T^^x, r^,x', we have ipi{l) = I, iljiil') = I'. We take y = c(l), y' = 
c'(l). Then for yi = ^piiy) = c(Aj) we have \yic'{\i)\ = /u(Aj) > aAj. Thus 
for y[ = "ip^^iyi) the estimate = {ip'^ {yi)ip~^ o c'(Aj)| > a holds for all 
i in contradiction with y[^ y' as i — t- oo. 

Therefore, there are sequences ti — )• ±00, with /u(ij) = o(l)|ti|. By 
Lemma 14.121 the lines /, I' are Busemann parallel. □ 

From Lemma 14.111 and Lemma 14.131 we immediately obtain 

Corollary 4.14. Given a Ptolemy line I C X^^, through any point x G X^ 
there is a unique Ptolemy line l{x) Busemann parallel to I. □ 

Recall that any Mobius map ip : X ^ X with p{ijj) = UJ for uo G X acts 
on Xf^ as a homothety. A homothety ip : — )• X^^ is said to be pure if it 
preserves any foliation of by Busemann parallel Ptolemy lines. 

Lemma 4.15. For every £ X^ the group T^^^o consists of pure homotheties. 
In particular, every shift of X^ preserves any foliation of X^ by Busemann 
parallel Ptolemy lines. 
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Proof. Let / C be a Ptolemy line through o, b : X^^ — t- M a Busemann 
function of / with 6(0) = 0. Then b o = \h for every homothety G r^^^o; 
where A > is the coefficient of By Corollary I4.14^ any Busemann 
function of any Ptolemy line l{x) through x G is a Busemann function 
of a line / through 0. Therefore, every (p G F^j^o preserves any Busemann 
function b of /(x) with 6(0) = in the sense that A~^6 o ip = b, where A > 
is the coefficient of 99. Since X~^boip is a Busemann function of the Ptolemy 
line ip~^{l{x)), we see that this line is Busemann parallel to l{x). Thus if 
preserves the foliation l{x), x £ X^^ by Busemann parallel Ptolemy lines. □ 

A construction of a homothety from the group T^^^i given in Proposi- 
tion 14.81 is not uniquely determined because to obtain a homothety with 
the same coefficient A one can take a composition of different pairs of s- 
inversions. Thus for given x, x' G X^^ a shift r]xx' is not uniquely determined. 
We give a refined construction of shifts with property t^xx' 

^ id as X — )• x' 

which will be used in the proof of Lemma 15.81 below. 

Lemma 4.16. For x, x' G X^ there is a shift r]xx' '■ X^, — t- X^^ with r}xx> (x) = 
x' such that r]xx' — )• id as x ^ x' . 

Proof. For A, — )• cxd we denote with S = Si{x), Si = Sx^{x) the metric 
spheres in centered at x of radius 1 and Aj respectively. Similarly we 
put S' = Si{x'), S- = Sx,{x'). Then ipi = Lpx,uj,s, ° ^x,ui,s £ ^uj,x, i>i = 
Vx',uj,S'°^x',uj,S' S F^ are homotheties with the same coefficient A?, see the 
proof of Proposition l4.8l The sequence of isometries r/j = ^"^oi^j : Xi^ — )• X^ 
converges to a shift r/ : Xi^ — )• Xi_j with r/(x) = x' . We have 

Vi = ^x',LU,S' ° ^x',io,S[ ° 'fx,ui,S^ ° ^x,ui,S 

and (Px',Lu,s'^ ° Vx,ui,s, id, (Px',w,S' ° V>x,ui,s id as x x' because Si S-, 
S — 7- S" in the Hausdorff metric, every s-inversion is uniquely determined 
by its data according to our assumption, and by Lemma 14. 4| s-inversions 
preserve the family of metric spheres between data points. Thus r]i — )• id 
for every i as x — )• x'. Moreover, the convergence of metric spheres around 
X to metric spheres around x' in the Hausdorff metric is uniform in radius 
as X — >• x', Hd(5^(x), S'^(x')) < |xx'| for every r > 0. Therefore, rji — id 
uniformly in i as x — )■ x'. This implies ?? — )• id □ 

4.4 Enhancing the existence property (E) 

By property (E) formulated in sect. [T]we know that the space X contains 
at least one Ptolemy circle. 

Proposition 4.17. Any compact Ptolemy space with the inversion property 
(I) is two-point homogeneous, that is, for each (ordered) pairs {x,y), (x',y') 
of distinct points in X there is a Mobius automorphism f : X ^ X with 
/(x) = x', f{y) = y'. 
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Proof. Applying an inversion, we can map x to x'. Let y" be the image 
of y under the inversion. Then y" 7^ x' by the assumption. We consider a 
metric of the Mobius structure with infinitely remote point x' . By discussion 
above, there is a shift w.r.t. that metric which maps y" to y' . The resulting 



It immediately follows from Proposition 14.171 that the property (E) in 
any compact Ptolemy space with (I) is promoted to 

(E) Enhanced existence: through any two points in X there is a Ptolemy 
circle. 

In what follow, we use this property under the name (E). 
4.5 Busemann functions on 

The proof of Theorem 14.51 is based on study of Busemann functions on X^^ . 
In this section we assume that a compact Ptolemy space X possesses the 
properties (E) and (I). 

Lemma 4.18. Assume that Xi ^ x in X, and a point u £ X distinct from 
X is fixed. Then any Ptolemy circle I C X through to, x is the (pointwise) 
limit of a sequence of Ptolemy circles li C X through u, Xi. 

Proof. In the space X^^ the circle / is a Ptolemy line (with infinitely remote 
point oj) through x. Then the sequence li = r]i(l) of Ptolemy lines with 
Xi G li converges to I, where 7]i : X^ — )• is a shift with rii(x) = Xi, 
because the lines li are Busemann parallel to I by Lemma 14.151 and any 
sublimit of the sequence {li} coincides with / by Lemma |4.11[ □ 

We Rx uj £ X and a metric d of the Mobius structure such that uj is 
the infinitely remote point. Then every Ptolemy circle in X through a; is a 
Ptolemy line with respect to that metric. It immediately follows from the 
Ptolemy inequality that the distance function d{z, •) to a point z € is 
convex along any Ptolemy line, see |FS2j . Under the homothety property 
(H) we prove that in fact d{z, •) is C^-smooth. 

Lemma 4.19. In any compact Ptolemy space X with the homothety prop- 
erty (H), the distance function dz = d{z,-) : X^ — t- M is convex and C^- 
smooth along any Ptolemy line I C X^ for any u G X , z G Xi^\l. Therefore, 
X is Busemann flat. 

Proof. Assume that dz is not C^-smooth at some point x £ I. We fix an 
arclength parameterization c : M — t- X^^ of / such that x = c(0). Since 
f = dz o c is convex, it has the left and the right derivatives at every point. 
By assumption, these derivatives are different at t = 0. It follows that 



composition gives a required Mobius automorphism. 



□ 



lim inf 



/(t)-2/(0) + /(-t) 



> 0. 



t 
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Now, using property (H), we find for every A > a homothety hx : X^^ — t- X^^ 
with coefficient A that preserves the point x and the Ptolemy hne /, h\{x) = 
X, h\{l) = I. Then d{x,hx{z)) — >• oo as A — )• oo and thus u}\ = h\{z) — )• uj. 
By Lemma [4. 181 there is a Ptolemy circle l\ through x, u]\ such that Ix — )• / 
as A — )• oo (maybe after passing to a subsequence). We put X = 1/t and 
consider points x^ , x~[ G Ix separated by x with d{x,xf) = 1. Then, 
W.L.G., xf c(±l) as t ^ 0. The points x^, X, Xf- , uix lie on the Ptolemy 
circle (in this order), thus 

2d{x,ujx) > d{x,ujx)d{x^ ,x^) = d{xf,u}x) + d{x^,ujx) 

by the Ptolemy equality. On the other hand, /(0)/t = d{x, ujx) and f{±t)/t = 
d{c{±l),ujx). Thus \d{xf,ujx) - f{±t)/t\ < d{xt,c{±l)) ^ as t ^ 0. 
Therefore, (/(t) — 2/(0) + f{—t))/t — )• as t — )• in contradiction with our 
assumption. Now, X is flat by Proposition 13.31 □ 

A similar idea is used in the proof of the following 

Proposition 4.20. Given two Ptolemy lines I, I' G X^, the Busemann 
functions of I are affine functions on I'. 

Proof. Indeed let 6 be a Busemann function of I. Thus we can write b{x) = 
limj_j.oo(|xa;j| — \ou}i\) for every x £ Xi^, where o G Z is some fixed point, 
oji G /, and Ui — )• uj. 

Let X, y, m £ I', such that \xm\ = \my\ = ^\xy\. We have to show that 
b{m) = |(6(x) + b{y)). Since Busemann functions are convex, see |FS2] . we 
have b{m) < ^{b{x) + b{y)). 

By Lemma 14.181 there exists a Ptolemy circle through the points x 
and uji, such that the sequence k converges pointwise to the Ptolemy line 
I'. Thus there are points yi G k, such that yi — >■ y. The points x,yi divide 
li into two segments. Choose a point nii in the segment which does not 
contain cjj in a way such that \xmi\ = \miyi\. One easily sees that — )• m. 

Since the points x,mi,yi,u}i are on a Ptolemy circle (in this order), we 
have 

Iwjmil • \xyi\ = \ujix\ ■ \miyi\ + \u}iyi\ ■ \mix\ 

and since \xmi\ = \miyi\ > ^\xyi\ we see \u)imi\ > ^{\u)ix\ + |a;j?/j|). This 
implies in the limit b{m) > ^{b{x) + b{y)). □ 

Lemma 4.21. For any Busemann function b : X^ — )• M o/ any Ptolemy line 
I C Xi^, every horosphere Ht = b^^{t), t G M, is geodesically convex, that is, 
any Ptolemy line I' C X^ having two distinct points z, z' in common with 
Ht is contained in Ht, I' C Ht- 

Proof. We put b^ = b and assume W.L.G. that b^{z) = = b~{z), where 
the Busemann function b~ of I is opposite to 6"*". Then 6^ + 6^ = because 
X is Busemann flat, see Lemma ill Thus Hq = (6+)-i(0) = {b-y{0) 
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is a common horosphere for 6^, . Since horoballs, i.e. sublevel sets of 
Busemann functions, are convex, the geodesic segment zz' C / lies in Hq. 

By Proposition 14.201 the function b is affine along that is, b o c{t) = 
at + P for any arclength parameterization c : M — )• of Z' and some a, /3 G M, 
|a| < 1. We choose c so that c(0) = z, c{\zz'\) = z' . Then /3 = by the 
assumption b{z) = 0, and = b[z') = bo c{\zz'\) = a\zz'\. Hence a = and 
b\l' = 0. This shows that I' C Hq. □ 

4.6 Slope of two Ptolemy lines 

By Proposition 14.201 a Busemann function associated with a Ptolemy line is 
affine along any other Ptolemy line. We introduce a quantity which measures 
a mutual position of Ptolemy lines in the space. 

Let /, /' C be oriented Ptolemy lines. We define the slope of I' 
w.r.t. / as the coefficient of a Busemann function b associated with I when 
restricted to I', slope(/';/) = a if and only if 6 o c'{t) = at + /3 for some 
^ G R and all t E M, where c' : M — )■ X^^ is a unit speed parameterization of 
I' compatible with its orientation. The quantity slope(/';/) G [—1)1] is well 
defined, i.e. it depends of the choice neither the Busemann function b nor 
the parameterization c' (we assume that b is defined via a parameterization 
of I compatible with its orientation). Note that the slope changes the sign 
when the orientation of / or /' is changed, 

slope(— /';/) = — slope(/'; /) and slope(Z'; — ^) = — slope(/'; ^). 

The first equality is obvious, while the second one holds because X is Buse- 
mann flat by Lemma 14.191 

By definition, we have slope(/;/) = —1 for any oriented Ptolemy line 
/ C Xi^. More generally, let I, I' C Xi^ be Busemann parallel Ptolemy 
lines. If an orientation of / is fixed, then a compatible orientation of is well 
defined. Indeed, we take a Busemann function b of I such that b — )• —oo 
along / in the chosen direction. Since b is also a Busemann function of 
the respective direction of /' such that b — >• — oo along /' is well defined, and 
it is independent of the choice of b. 

Now, if orientations of /, /' are compatible, then slope(/';Z) = —1 = 
slope(Z; /'). 

Lemma 4.22. Let I, I' C be Busemann parallel Ptolemy lines with 
compatible orientations. Then for any oriented Ptolemy line I" C Xi^ we 
have slope{l;l") = slope(/'; /")• 

Proof. Let b : X^ — )• R be a Busemann function associated with Since b is 
affine along Ptolemy lines, there are unit speed parameterizations c : M — >• /, 
c' : M — 7- /' compatible with the orientations of /, /' such that b o c(0) = 
6oc'(0) =: p. Then boc{t) = at + f3, boc'{t) = a't + P for some |a|, \a'\ < 1 
and all t G M. We show that a = a' . 
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Since the orientations of I, I' are compatible, we have \c{t)c'{t)\ = o(l)|t| 
as \t\ — 7- cxD by Lemma l4.12i Let c" : M — )• /" be a unit speed parameter- 
ization such that b{x) = hms^oo |c"(s)2;| — s, x G X^^. Since ||c"(s)c(i)| — 
\c" {s)c' {t)\\ < \c{t)c'{t)\ = o{l)t as t oo, we have \boc{t)-boc'{t)\ = o{l)t 
and hence 

a = hm 6 o c{t) /t = hm 6 o c'{t) /t = a' . 

□ 

Proposition I4.2UI combined with duality gives rise to a first variation 
formula to describe which we use the following agreement. Let a, a' <Z X be 
Ptolemy circles meeting each other at two distinct points uj and w', af^a' = 
{uj,uj'}, which decompose the circles into (closed) arcs cr = 0"+ U ct_ and 
a' = a'j^[J (t'_. The choice of uj as an infinitely remote point automatically 
introduces the orientation of a as well as of a' such that uj' is the initial 
point of the arcs 0"+, o"^, while u the final point of (T4., o"^, and the similar 
agreement holds true for the choice of oj' as an infinitely remote point. Then 
the slope (iT^ ; (T(^) of the Ptolemy line C X^ w.r.t. the Ptolemy line 
(T^ C X^ is well defined. 

Lemma 4.23. Let a, a' C X be Ptolemy circles meeting each other at two 
distinct points uj and lo' , a Da' = {uj,uj'}, which decompose the circles into 
(closed) arcs o" = (T+ U (j_ and a' = a'_^_U a'_. Let c : M — )■ X^^l , c' : M — X^ 
be the unit speed parameterizations of the oriented Ptolemy lines a^^' C X^^' , 
fj^ C respectively compatible with the orientations such that c(0) = uj, 
c'(0) = uj'. Then 

j^d'{c!{s),c{t))\t=o = a signs (7) 

for all s 7^ 0, where d' is the metric of X^^i , and a = slope((T^; Utj). 

Remark 4.24. We emphasize that ([7| is a typical duality equality where the 
left hand side is computed in the space X^i, while the right hand side is 
computed in the opposite space X^. 

Proof. By Proposition 14.201 the Busemann function b of 0"^^ with b{uj') = 
is affine along the Ptolemy line a'^ C X^. Thus b o c'{s) = as for a = 
slope((T^; (T(^) and all s G R because bo c'(0) = b{uj') = 0. Since X is 
Busemann flat by Lemma 14.191 Equation ([5]) applied to 6+ = 6 gives 

as = boc'{s) = ^lnd'{c'{s),c{t))\t=o = ^^7^^7^y-^^^'(c'('5)> c(t))|i=o 

for all s 7^ 0. Using d'{c'{s),uj) = l/\s\, we obtain the required equality. □ 

In the situation with two Ptolemy circles intersecting at two distinct 
points as in Lemma 14.231 we have four a priori different slopes. The duality 
and existence of s-inversions allows to reduce this number to one. 
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Lemma 4.25. Let a, a' C X be Ptolemy circles meeting each other at two 
distinct points oj and uj' , a r\a' = {u^u'}, which decompose the circles into 
(closed) arcs u = 0"+ U o"_ and a' = a'j^U a'_. Then 

slope(cr^;(Ta;) = slope((T^/;cr^,). 

Proof. Denote a = slope((T^; a^i) and a' = slope{a^'; (j'^,)- As in Lemma l4.23l 
let c : M — >• X^i , c' : R — t- be the unit speed parameterizations of the 
oriented Ptolemy lines 0"^^/ C X^', <t^ C X^ respectively compatible with 
the orientations such that c(0) = uj, c'(0) = uj' . Let h' : Xi^i — )• M be the 
Busemann function associated with a'^, such that h'{uj) = (according to 
our agreement, b' is computed via a parameterization of a'^, which is oppo- 
site in orientation to that of the parameterization c'). Then b' o c{t) = a't 
for all i G M by the definition of a' = slope(cj^/; cr'^i)- Thus 

a't = b'o c{t) < d'{c'{s),c{t)) - d'{c'{s),u}) 

for all s > and all (sufficiently small) t G M, where d' is the metric 
of Xi^i. The last inequality holds because the right hand side decreases 
monotonically to b' o c{t) for every fixed t as s — 0. Applying Equality ([7]), 
we obtain a' < a. Interchanging uj with uj' and a with a' , we have a < a' 
by the same argument. Hence, the claim. □ 

Using Lemma 14.251 the first variation formula ([7]) can be rewritten as 
follows 

-d'{c'{s),c{t))\t=o = a'signs (8) 

for all s 7^ 0, where a' = slope(cri^'; cj^,). Now, the both sides of ^ are 
computed in the same space X^i . 

Lemma 14.251 implies the symmetry of the slope w.r.t. the arguments. 

Lemma 4.26. For any oriented Ptolemy lines I, I' C X^^ we have slope(/'; /) = 
slope(Z; I'). 

Proof. We assume W.L.G. that I Ci I' = u' and represent I = a^^, I' = a'^ 
for Ptolemy circles a = I U uj, a' = I' U uj. Then a D a' = {uj,uj'}. Let 
5" C X be a sphere between u, uj', ip = ipu},u}',s : X ^ X the s-inversion 
w.r.t. UJ, uj', S. Then 99 preserves any Ptolemy circle though u, uj' and its 
orientations. In particular, f{cru)) = a^/ and ^{cr'^) = o'^,. We assume that 
S = Sf{uj'), where d ^ M \s the metric of X^. Then the metric d' = (p*d 
is the m-inversion of d, and vice versa, see Lemma 14.31 It follows that the 
map if : {Xi^,d) — )■ {Xi^',d') is an isometry. 
Now, we have 

slope(c7;^,;cr^/) = slope{ip{a'^); ip{a^)) = slope{a'^; a^i) = slope{l' ; I) . 

Using Lemma [4.251 we obtain slope(/; I') = slope((T^; cr^) = slope{a'^,; a^i) = 
slope(/';Z). □ 
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From now on, we use notation slope(Z, /') for the slope instead of slope(/; /'). 
We say that Ptolemy lines I, I' C X^^ are orthogonal if slope(/',/) = 0. By 
Lemma 14.261 this is a symmetric relation. For orthogonal lines we also use 
notation IJ-l' . 



4.7 Tangent lines to a Ptolemy circle 

A Ptolemy line I C is tangent to a Ptolemy circle a C X^^ at a point 
X E (T if for every y £ a sufficiently close to x we have dist(y, /) = o{\xy\). 

Proposition 4.27. Every Ptolemy circle a C X^ possesses a unique tangent 
Ptolemy line I at every point x £ a. 

Proof. Let d be the metric of X^^, d' the metric inversion of d w.r.t. x, 
~ d{y,l^d{z,x) ■ Th-Sn X is infinitely remote for d' , and c \ x C X^ is 
a Ptolemy line w.r.t. the metric d' on X^- By Corollarv I4.14t there is a 
unique Ptolemy line I C Xx through w which is Busemann parallel to the 
line a\x. Then I = (IL) x)\u C X^ is a Ptolemy line through x. We show 
that / is tangent to o" at x. 

We fix on cr \ X and / compatible orientations, see sect. 14.61 and choose 
y & a, y' £ I with sufficiently small positive t = d{x, y) = (i(x, y') according 
the orientations. Recall that d is also the metric inversion of d' w.r.t. w, 
and that cZ(x, z) = 1/d '{lj, z) for every z G X \ {x, w}. Then 

d'{y,y') d'{y,y') 

^iV' y ) = . N ,/^. ,^ = 



d'iio,y)d'{u;,y') l/t 

By Lemma [4.121 ^ ^^^f ^ — )• as i — )• 0, hence d{y,y') = o{t), and thus I is 
tangent to o" at x. 

If /' C X^ is another tangent line to a at x, then reversing the argu- 
ment above we observe that the Ptolemy lines I, I' = {I' D uj) \ x C X^ 
through Lo diverge sublinearly and thus they are Busemann parallel again 
by Lemma KT2[ It follows that T= V and / = /'. □ 



Now, we reformulate Corollarv 14. 141 as follows. 

Corollary 4.28. Given a Ptolemy line I C X^ and a point x £ I, for any 
other point y G there exists a unique Ptolemy circle a C X^^ through y 
tangent to I at x. In particular, ifyGl, then a = 1. 

Proof. Consider a metric of the Mobius structure on X with the infinitely 
remote point x and apply Corollarv 14.141 □ 
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5 Fibration tt^ : — > B^^ 

Given x G X^^, we define 

i^x = fl Hu 

l3x 

where the intersection is taken over all the Ptolemy lines I C X^^ through 
X, Hi is the horosphere through x of a Busemann function associated with 
I (since X is Busemann flat, Hi is independent of choice of a Busemann 
function) . 

Lemma 5.1. For any y G we have Fy = F^. 

Proof. By Corollary 14. 141 for every Ptolemy line / through x there is a unique 
Ptolemy line I' through y such that /, /' are Busemann parallel. Let 6 be a 
Busemann function of / such that b{x) = 0. Then b{y) = because y lies 
in the horosphere through x of b. Hence Hi = Hi/ because 6 is a Busemann 
function also of I' and thus Fy = Fx- □ 

By Lemma [5. H the sets Fx, Fx' coincide or are disjoint for any x, x' £ X^^. 
We let = {Fx : x £ X^} and define tt^j ■ X^ — )■ by iTui{x) = F^. 
Therefore, the fibers Ft = '/rj^(6), b G B^^, form a partition of X^, B^^ is the 
factor-space of this partition, and tTi_j is the respective factor-map. A fiber 
F of TTi^ is also called a 'K-line. 

Lemma 5.2. For any uj, lo' G X, any Mobius automorphism ip : X ^ X 
with ip{ijo) = uj' induces a bijection Tp : B^ — )■ B^^i such that tt^' o(p = Tp ot:^. 

Proof. It follows from Lemma 12.11 that for any metrics d, d! of the Mobius 
structure with infinitely remote points uj, uj' respectively, the map if : 
{X^,d) — )■ is a homothety. Thus ip maps any Ptolemy line I C X^^ 

to the Ptolemy line /' = (p>{l) C X^^i , and bo(p~^ is proportional a Busemann 
function of /' for any Busemann function b of I. It follows that ip induces a 
bijection Tp : B^^ — )• Bi^ such that Tp o tTi^ = tTi^ o (p. □ 

Proof of property (Ik): uniqueness. Let F C X^^ be a K.-line, and let x G 
X \ F. We show that there is at most one Ptolemy line in Xi^ through x 
that meets F. Assume that there are Ptolemy lines I, I' £ X^ through x 
that intersect F. Let c : M — t- /, c' : M — t- /' be unit speed parameterizations 
such that c(0) = x = c'(0), and c(s) G F, c'(s') G F for some s, s' > 0. 
For the Busemann function b : X^ — )• M, b{y) = limt^_oo |yc(t)| — of I 
we have b{c{s)) = s = b{c'{s')) because c(s), c'(s') G F and F is a fiber 
of the fibration vr^ : X^ — )• B^. The function t i— )• \c'{s')c{t)\ — {\t\ + s) 
is nonincreasing and it converges to b{c'{s')) — s = as t — t- — c«, thus 
s' = |c'(s')c(0)| > s = \c{s)x\. Interchanging I and /' we obtain s > s' by 
the same reason. Hence s = s'. Since the Busemann function b is affine 
along I' by Proposition 14.201 and it takes the equal values = 6 o c(0) and 
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b o c(s) = s = bo c'(s) along /, I' at two different parameter points, we have 
b o c{t) =bo c'{t) for every t G M. By Lemma OH 1 = 1'- □ 



5.1 Semi-K-planes 

We fix a; G X and a metric from the Mobius structure with infinitely remote 
point oj. For a Ptolemy line I C we put M = Mi := L)F, where the union 
is taken over all the fibers F C X^^ of the fibration vr^ : X^^ — t- B^^ which 
intersect /, F n / 7^ (the Ptolemy line / has at most one point in common 
with any fiber F C X^^ because it intersects only once any its horosphere). 
The set Mi C is called a semi-K-plane over I. Since different fibers of 
TT^ are disjoint, we have if Mi n F 7^ for some fiber F of tt^^, then F C Mi 
and there is a uniquely determined point x £ I such that x G F, i.e. -F is a 
member of the family of fibers that form Mi . 

Lemma 5.3. Through every point x of a semi-K-line Mi there is a uniquely 
determined Ptolemy line I' that meets every "K-line of Mi and moreover I' C 
Ml is Busemann parallel to I. Furthermore, any two K-Zmes F, F' of Mi 
are equidistant in the sense that the segments of any two Ptolemy lines I, 
I' C Ml between F, F' have equal lengths. 

Proof. By Corollary 14.141 there is a unique Ptolemy line through x which 
is Busemann parallel to I. Consider compatible unit speed parameterizations 
c -.M ^ I, c' -.R ^ I' such that c(0) G F^, c'(0) = x, where F^ C M; is the 
K-line through x. 

Let F be a K-line of Mi. Then by definition c{t) G F for some t G M. We 
show that c'{t) G F. Let /" be a Ptolemy line through c(t), b" a Busemann 
function of /" with b"{c{t)) = 0. We show that c'(t) lies in the zero level set 
of b", b"{c'{t)) = 0. 

By Corollary I4.14t there is a Ptolemy line through c(0) for which b" 
is a Busemann function. Then the K-line Fx lies in a level set of b", in 
particular, 6"(c(0)) = b"{c'{0)) =: /3. By Lemma 222] we have b" o c{s) = 
as + 13 = b"oc'{s) for all s G M. In particular, b"{c'{t)) = b"{c{t)) = 0, hence 
c'{t) G F. This also shows that the IK-lines F, Fx are equidistant. Moreover, 
this argument shows that for every s G M, the point c'(s) lies in the K-line 
Fs through c(s), thus I' C Mi. □ 

Lemma 5.4. Every semi-'K-plane M C is geodesically convex, i.e., every 
Ptolemy line I' C Xi^ that meets M in two different points is contained in 
M, I' C M. 

Proof. Let x, x' G I' M be different points. By Lemma 15.31 there is a 
Ptolemy line / C M through x. Both I, I' meet the fiber Fx' C M of the 
fibration vr^ through x'. Then I = I' hy the uniqueness part of property 
(Ik). □ 
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Proof of property (2^). Let F, F' C X^^ be distinct fibers of the fibration 
TTui ■ — B^^. Assume that Ptolemy lines I, I' C X^ intersect both F, F', 
and let F" be a K-line that intersects I. We show that F" intersects also /'. 

Let Ml be the semi-K-plane over I. Then F, F' , F" C Mi by our 
assumption. We have /' C M; by Lemma 15.41 Hence /' intersects F" by 
Lemma 15.31 □ 

5.2 Zigzag curves 

We fix a; G X and consider a metric on X^ with infinitely remote point 
uj. Let / C X^ be an oriented Ptolemy line. By Corollary 14.141 there is a 
foliation /(x), x G X^ of the space by Ptolemy lines, which are Busemann 
parallel to I. Moreover, every member l{x) of the foliation has a well defined 
orientation compatible with that of /, see sect. 14.61 

Lemma 5.5. Let h, I2 C X^^ be oriented Ptolemy lines which induce respec- 
tive foliations of X^. We start moving from x € X^^ along li{x) by some 
distance si > up to a point y, and then switch to hiv) end move along it 
by some distance S2 > up to a point z. Next, we move from x' £ X^ along 
hix') by the distance S2 up to a point y' , and then switch to li{y') and move 
along it by the distance si up to a point z' , where we always move in the 
directions prescribed by the orientations. If x, x' lie in a K.-line F C X^, 
then z, z' also lie in one and the same "K-line F' C X^. 

Proof. Let ci, C2 : M — )• X^^ be the unit speed parameterizations of li{x), 
hix') respectively compatible with the orientations such that ci(0) = x, 
02(0) = x' . We also consider the unit speed parameterizations c'l, C2 : M — >• 
Xu) of h{y'), hiu) respectively compatible with the orientations such that 
4(0) = y', 4(0) = y. Then ci(si) = y = 4(0), 02(^2) = y' = 4(0) and 
4(s2) = z, 4(si) = z'. 

Let 6 be a Busemann function of a Ptolemy line I C X^^ which vanishes 
along F, in particular, b{x) = = b{x'). By Proposition I4.2UI b is affine 
along any Ptolemy line in Xi^, in particular, b o ci(t) = ait, b o C2(t) = 02^ 
for some ai which by Lemma 14.221 onlv depends on /j, i = 1,2, and for 
all t G M. Thus we have b{z') = b o c[{si) = aisi + a^s^ and similarly 
b{z) = 604(52) = 02-52 + aisi. Hence any Busemann function on X^ takes 
the same value at the points z and z', i.e. these points lie in a common 
K-line F' . □ 

Given a base point o G X^, a finite ordered collection £ = {/i, . . . , /fc} 
of oriented Ptolemy lines in X^j, and a collection S = {si, . . . , Sk} of non- 
negative numbers with si + • • • + > 0, we construct a sequence 7^ = 
'yp{o,C,S) C X^, p > 1, of piecewise geodesic curves through o as fol- 
lows. Recall that we have k foliations of X^ by oriented Ptolemy lines 
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li{x), . . . X £ Xi^, which are Busemann parallel with compatible ori- 

entations to /i , . . . , /fc respectively. 

The curve 7^ starts at o = Vp for every p > I. We move along li{o) by 
the distance 51/2^""^ up to the point Vp £ li{Vp), then switch to the line 
hivp) and move along it by the distance S2/2^~^ up to the point Vp etc. On 
the ith step, for 1 < i < A;, we move along the line li{v^^) by the distance 
Si/2P~^ in the direction prescribed by the orientation of the line up to the 
point Vp S li{Vp~^). Starting with the point Vp we then repeat this procedure 
only taking the subindices for li, Si modulo k for all integer i > k + 1. 

This produces the sequence Vp of vertices of jp for all n > 0. For 
integer n < the vertices Vp are determined in the same way with all the 
orientations of the lines li, . . . ,lk reversed, with the starting line hio), and 
with the ordered collections £ = {//^., . . . , /i} of lines, and S = {s^, . . . ,si} 
of numbers. 

Every curve 7p receives the arclength parameterization, for which we use 
the same notation 7^ : R — )• X^^, with 7p(0) = o. Then for every m G Z, 
1 < i < k, we have 7p(ip) = Vp is a vertex of jp, where n = k{m — 1) + i, 
tp = [{si + - ■ ■ + Si)m + {si+i + - ■ ■ + Sk)im-1)]/2P~^ (the sum {si+i + - ■ ■ + Sk) 
is assumed to be zero for i = k). 

It follows from Lemma 15.51 bv induction that for every n = km G Z, the 
vertices Vp = 7p(tp) of 7p and Vp'^i = 7p+i(tp";^) of 7^+1 lie in a common K- 
line in X^^ for every p > 1. From this one easily concludes that the sequence 
of the projected curves T^uji'Jp) C B^^ converges (pointwise in the induced 
topology). At this stage, we do not have tools to prove that the sequence 
7p itself converges in X^. However, we need a limiting object of 7p. Thus, 
for instance, we fix a nonprincipal ultra-filter on Z and say that 7 = lim7p 
w.r.t. that ultra-filter. By this we mean that j{t) = lim7p(t) for every 
t G M. The curve 7 = j{o,C,S) is called a zigzag curve, and it is obtained 
together with the limiting parameterization 7:^—7- X^^, 7(0) = o, which in 
general is not an arclength parameterization. 

Lemma 5.6. Every Busemann function b : — )• M is affine along any 
zigzag curve 7, that is, the function 6 o 7 : R — ). M is affine. More- 
over, if J = j{o,C,S) for a base point o G Xi^, some ordered collec- 
tion C = of oriented Ptolemy lines in X^, and a collection 
S = {si, . . . ,Sk} of nonnegative numbers with si + - • • + sa: > 0, andb{o) = 0, 
then b o 7(t) = /3t for all t G M, where 13 = J2i '^i^i/^i '^■i — slope(/i, /), 
i = 1, . . . ,k, and I C X^^ is the oriented Ptolemy line for which the function 
b is associated. 

Proof. We assume that 7 = lim7p. Since 7^ is piecewise geodesic for every 
p > 1, the function 60 7p : M — R is piecewise affine. Recall that the points 
Vp = ^p{tp) are vertices of 7^, where = [(si + • • • + Si)m + (sj+i + • • • + 
Sk){m — 1)]/2P~^ for n = k{m — 1) + i G Z. Thus we have by induction 

b ° lp{tp) = [("isi H y- OiiSi)m + {oi+iSi+i H h afcSfc)(m - l)]/2^'"^ 
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for n = k{m — + i £ Z. Hence, bo'jp^tp) = f3tp+o{l) as p — )■ oo. Since the 
step tp'^^ — tp< maxj Si/2P~^ — as p — )• oo, we conclude that 607^ — )• 607 
pointwise as p ^ 00, and b o 7(t) = f3t for all t € M. □ 

Lemma 15.61 gives a strong evidence in support of the expectation that a 
zigzag curve under natural assumptions actually is a Ptolemy line. However 
we need additional arguments for the proof of this. 

For oj, o G X , the group r^jjO consists of homotheties (p : — y X^ 
with 99(0) = o such that tp{l) = I for every Ptolemy line / C X^ through 
o preserving an orientation of /, and moreover by property (H), T^^o acts 
transitively on the open rays of / with the vertex o, see Proposition 14.81 

Lemma 5.7. The homothety ip £ T^^^o with the coefficient A = 1/2 leaves 
invariant a zigzag curve 7 = j{o,C,S) for any base point G Xi^, any 
ordered collection of oriented Ptolemy lines C = {h, . . . , Ik} in X^, and any 
collection S = {si, . . . , Sfc} of nonnegative numbers with si + • • • + > 0. 

Proof. Let 7^, p > 1, be the sequence of piecewise geodesic curves in X^ 
used in the construction of 7 = lim7p. For p > 1, we let Vp"^, m S Z, be the 
sequence of vertices of 7^, Up™' = '7T^{Vp"^) the sequence of respective fibers 
of the fibration vr^^ : X^^ — t- B^^. Recall that the sequences {v^"^ : m G Z}, 
p > 1, approximate the projection TTui'j) of 7, that is, t^u){7) coincides with 
the closure of the union Up{Vp"^ : m G Z}. 

We have ip{'yp) = 7p+i and ip{vp™-) = Vp'^^ by the construction of 7p 
and Lemma 14.151 For every dyadic number q = m/2'", m E Z, r > 0, 
the sequence v{q) = {vp^ : p > r + 1}, where qp = 2^"^'"+-'^) • km, lies in a 
common fiber F = F{q) of t^i^. Thus ip maps this sequence into the sequence 

v'{q) = {vf^^ : p>r + l} C ip{F) = F{q/2), where q'p = 2P-'^ {km/2), 
shrinking the mutual distances by the factor 1/2. Hence for the limit point 
X = \\mv{q) G 7 of any limiting procedure giving 7 = lim7p we have 
ip{x) = \\mv'[q) E 7. The points of type x = \\m.v{q) with dyadic q are 
dense in 7, thus (p preserves 7, 93(7) =7. □ 

Lemma 5.8. Let 7 = 7(0, £,5) C be a zigzag curve with base point 
G X^j, where C = {h, . . . , 1^}, S = {si, . . . , Sk}, si + • • • + > 0. Then 
for any o' £ ^ we have 7(0', £, S) = 7, i.e. any zigzag curve 7 is independent 
of a choice of its base point 0. 

Proof. We first consider the case 0' = jitq) is a dyadic point with dyadic 
q = m/2'', m G Z, r > 0, and tg = (si + • • • + Sk)q, for the canonical 
parameterization t 1— t- 7(t) of 7. Then 0' is an accumulation point of the 
vertices Vp = v'p = Jpitp'), p > r + 1, where qp = 2^^^^'^^^ ■ km and 
tp^ = {si + ■ ■ ■ + Sk){qp/k)/2P~^ = tq, of approximating piecewise geodesic 
curves 7p, 7 = lim7p (recall that the sequence v{q) = {vp' : p > r + 1} lies 



28 



in a fiber F(q) C of the projection vr^j, see tlie proof of Lemma I5.7p . 
That is, o' = limvp for our limiting procedure. 

By Lemma [4.161 there is a shift rjp = rj^^o' '■ — )• with rjp{vp) = d 
and hmr^p = id. Then rjpi'fp) = 7p, where 7^ = 7^(0', vC, 5) is the piecewise 
geodesic curve with the base point o' approximating the zigzag curve 7' = 
7(0', £, 5), 7' = hm7p. Now for an arbitrary point x G 7, x = 7(t), we have 
X = hm7p(f). We put x' = 7'(t) = hm7p(i). Then for an arbitrary e > we 
have |x7p(t)| < e, |x'7p(t)| < e, and |xr/p(x)| < e for sufficiently large p. The 
last estimate holds since limr^p = id. Using \r]p{x)jp{t)\ = \i]p{x)r]p o jp{t)\ = 
|x7p(t)|, we obtain 

\xx'\ < \xr]p{x)\ + \r]p{x)-fp{t)\ + \jp{t)x'\ < 3e, 

thus X = x', that is, 7 = 7'. 

For a general case, the point o' = 7(t) can be approximated by dyadic 
ones, tg — )• t. Then respective piecewise geodesic curves 7^,^ with dyadic 
base points 7(^9) approximate pointwise the curve 7p with the base point o' 
for every p > 1. Thus 7' = 7 also in that case. □ 

Proposition 5.9. Every zigzag curve 7 C X^^ is either a geodesic and hence 
a Ptolemy line, or it degenerates to a point. More precisely, if^ = 7(0, C, S) 
for some base point a £ X^ and collections C = {li,...,lk} of oriented 
Ptolemy lines in X^, S = {si, . . . ,Sk} of nonnegative numbers with si + 
• • • + Sfc > 0, then 7 is degenerate if and only if Y^ - a-iSi = for every 
oriented Ptolemy line I C X^, where Oj = slope(/i, /), i = 1, . . . , A:. 

Proof. We first show that for each o' £ ^ there is a midpoint x G 7. 
By Lemma 15.81 and Lemma 15.71 homotheties ip G ^uj,o^ '■p' £ ^lo,o' with 
coefficient A = 1/2 both preserve 7, (/'(7) = 7 = ^'{l)- Then for x = 
ip{o') G 7 we have \ox\ = \oo'\/2, and similarly for x' = (p'{o) G 7 we have 
\x'o'\ = \oo'\/2. Furthermore, the length of the segment of 7 between o, x 
is half of the length of the segment between o, o', L([ox]^) = L{[oo']^) /2. 
Thus L{[xo%) = L{[oo']^)/2 by additivity of the length. Then L{[x'o%) = 
L([oo']^)/2 = L{[xo'].y) and hence x' = xhy monotonicity of the length, and 
X is the required midpoint. 

It follows that the segment of 7 between its any two points is geodesic. 
Since 7 is invariant under the nontrivial homothety ip G F^ o, we see that 7 
is a Ptolemy line unless it degenerates to a point. 

If 7 is degenerate, then any Busemann function b : X^ — t- M is constant 
along 7. By Lemma 15.61 we have Y^aiSi = for every oriented Ptolemy 
line I C where = slope(/i,/), i = 1, . . . ,k. Conversely, if 7 is non- 
degenerate, then I = 7(M) is a Ptolemy line in Xi^ by the first part of the 
proof, and the associated Busemann function b : Xi^ — )• M is nonconstant 
along /. By Lemma 15.61 we have bo ^(t) = /3t for the canonical parameter- 
ization of 7 with /3 = "YiOiiSi/Yl^Si, Oi = slope(/j,/), i = l,...,k. Thus 
Ei aiSi 7^ 0. □ 
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Remark 5.10. Assume 71 is a piecewise geodesic curve (with finite number of 
edges) between different fibers in X^, 71(0) G F, 7i(si + • • • + G F', F / 
F' , where si, . . . ,Sk are the lengths of its edges. Then the respective zigzag 
curve 7 = hm7p is not degenerate. This fohows from 7(0) G F, 7(51 + • • • + 
Sk) G F' by construction of the approximating sequence 71, . . . , 7^, • • • — )• 7. 

Now, we compute a unit speed parameterization a zigzag curve 7 = 
7(0, C, S) assuming for simphcity that the collection £ consists of mutually 
orthogonal Ptolemy lines. 

Lemma 5.11. Let 7 = ^{o,C,S) be a zigzag curve in X^^, where the collec- 
tion £ = {Zi, . . . , /jt} consists of mutually orthogonal oriented Ptolemy lines, 
k-Llj for i ^ j. Then 

\oj{t)\ = ^ |t| 

for all t G M, where, we recall, t 1— )• 7(t) is the canonical parameterization, 
and S = {si, . . . , s^}. In particular, 7 is nondegenerate. 

Proof. By Proposition 15.91 I = 7(M) is a Ptolemy line or it degenerates to a 
point, in particular, / is invariant for every pure homothety (p : X^ — t- X^^ 
with ip{o) = o. Prom this one easily finds that there is A G [0, 1] such that 
|o7(i)| = A|t| for all f G K. Let h be the Busemann function of / normalized 
by 6(0) = and h{t) < for t > (if Z is degenerate, then 6 = by 
definition). Bv Lemma l5.6^ — |o7(t)| = boj{t) = /3t with /? = Yli^i^i/ J2i 
for all t > 0, where = slope(Zj, Z), i = 1, . . . , k. Let z = 1, . . . , fc, be the 
Busemann function of li normalized by 6j(o) = 0. Using symmetry of the 
slope (Lemma I4.26|) . Oi = slope(Z, k), we obtain Pit = biO 7(t) = aiXt for all 
t>0, where by Lemma 15.61 again. 

Pi = ^slope(/j,/i)sj/^Sj = -Si/'^Sj 

j j j 

for i = 1, . . . , A;. Thus A/3 = - .^'^L and XH = X\oj(t)\ = t-fi^ for all 

t > 0. Therefore, A^ = s^/(^j Sj)^ > 0. In particular, / is nondegenerate. 

□ 

5.3 Orthogonalization procedure 

As usual, we fix a; G X and a metric d of the Mobius structure with infinitely 
remote point u. 

Proposition 5.12. There is a finite collection C± of mutually orthogonal 
Ptolemy lines such that for every x G Xi^ the fiber F C X^^ through x of 
the fibration vr^ : X^ — )• B^^ is represented as F = Di^c^Fli, where Hi is the 
horosphere of I through x . 
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We first note that the cardinahty of any collection of mutually orthogonal 
Ptolemy lines in is uniformly bounded above. 

Lemma 5.13. There is N & N such that the cardinality of any collection C 
of mutually orthogonal Ptolemy lines in X^^ is bounded by N , \C\ < N . 

Proof. We fix X G X^^ and assume W.L.G. that all the lines of C pass 
through X. For every line I £ C we fix a point on / at the distance 1 from 
X. Let A C X^ be the set of obtained points. By compactness of X and 
homogeneity of X^^ it suffices to show that the distance \aa'\ > 1 for each 
distinct a, a' £ A. We have a £ I, a' £ I' for some distinct lines /, /' £ C 
Since slope(/', I) = 0, the lines /, I' are also orthogonal at the infinite remote 
point u according Lemma [4. 251 and Lemma [4. 261 Thus in the space Xx with 
infinitely remote point x, the Ptolemy line l'\x C X^ lies in the horosphere 
H of the line l\x C Xx through to. By duality, see Lemma 13.51 the point 
X £ I is closest on the line / to any fixed point of /' C X^^, in particular 
\a'a\ > \a'x\ = 1. □ 

Next, we describe an orthogonalization procedure. 

Lemma 5.14. Let li, . . . ,1/. a collection of mutually orthogonal Ptolemy 
lines in X^, li-Llj for i ^ j. Given a Ptolemy line I C Xi^, through any 
a £ X^ there is a zigzag curve 7 = 7(0, £, S), where C = {h, ... ,1^,1} is an 
ordered collection of oriented Ptolemy lines, S = {si, . . . , Sk+i} a collection 
of nonnegative numbers with si + • • • + s^+i > 0, which is orthogonal to 
li,...,lk, 7(M) = /fc+i-L/j fori = l,...,k. Furthermore, ifY^a^i / 1, 
where Oj = slope(/,/j), then 7 is nondegenerate, and Ik+i is a Ptolemy line. 

Proof. We fix an orientation of / and for every i = 1, . . . ,k we choose an 
orientation of k so that = slope(/,/j) > 0, and put a := Xli "^i — 0- 
For any zigzag curve 7 = j{o,C,S) in X^^, where £ = {/i, . . . , /fc, /}, S = 
{si, . . . , Sk+i}, for i = 1, . . . ,k and for the Busemann function bi of li with 
bi{o) = 0, by Lemma 15.61 we have bi o j[t) = (3it for all t E M, where 

A = {-Si + aiSk+i)/{si H h Sfc+i). Then putting Sj = jf^, i = l,... ,k, 

Sfc+i = we have si + . . . Sfc+i = 1 and /3j = for every i = 1, . . . ,k. 
Thus 7 is orthogonal to /i, . . . and it gives us a required Ptolemy line 
h+i = 7(1^) unless 7 degenerates. 

Let b be the Busemann function of I with b(o) = 0. By Lemma 15.61 we 
have b o 7(f) = /3t for all t G M with /? = slope(Zj, — Sk+i- Using 
the symmetry of the slope, we see that slope(/i,/) = slope(/,/j) = Oi and 
thus /3 = ~ + If Yli^i / 1; then this shows that 7 is 

nondegenerate. □ 

We say the a collection {li,. . . mutually orthogonal Ptolemy lines 
in X^ is maximal if there is no Ptolemy line in X^ which is orthogonal to 
every li, . . . , Ij.. By Lemma 15.131 such a collection exists. 
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Lemma 5.15. Let {/i, . . . ,1^} he a maximal collection of mutually orthog- 
onal Ptolemy lines in X^^. Then every Ptolemy line I C can he repre- 
sented as a zigzag curve 7(0, £, 5) with G I for a collection C = {li, . . . ,lk} 
of oriented Ptolemy lines and a collection S = {si, . . . , s^} of nonnegative 
numbers with si + • • ■ + Sfc > 0. Furthermore, we have = 1, where 

Oi = slope(/, li), i = 1, . . . , k. 

Proof. We apply the orthogonalization procedure described in Lemma 15.141 
to the cohection {/i, . . . , 1^, 1} and construct a zigzag curve 7; = 7^(0, Ci, Si), 
where Ci = {li, . . . , l^, 1} is the collection above of oriented Ptolemy lines, 
S = {si, . . . , for an appropriate choice of entries described there. Since 

7; of orthogonal to li, . . . ,lk, we conclude from maximality of {li, . . . , Ik} 
that 7i degenerates and moreover ^ • a? = 1 by Lemma 15.141 

According to Remark 15.101 the ends of the piecewise geodesic curve 
7/^1 with /c + 1 edges cJi, . . . , 0"^, cr on Ptolemy lines Busemann parallel to 
li, . . . ,lk,l respectively with \ai\ = Si, i = 1, . . . , k, \a\ = Sk+i, lie in one and 
the same fiber (K-line) F C X^, that is, o = 7i,i(0) and x = 7i,i(s + Sfe+i) G 
F, where s = si + ■ ■ ■ + Sk- Thus the reduced piecewise geodesic curve 
71 = o"! U • • • U (Tfc and the last edge a of 7;_i have the ends in the same fibers 
F, F', where F' is the fiber through 7;,i(s) = 71 (s). 

Then the zigzag curve 7 = 7(0, C, S) is nondegenerate, where C = 
{li, . . . , Ik}, S = {si, . . . , Sk}, and it gives a Ptolemy line 7(M) C X^^ though 
o which hits the fiber F'. Since the Ptolemy line I' containing the segment 
a is Busemann parallel to I and intersects the fibers F, F', the line 7(ffi) is 
Busemann parallel to I, see Lemma 15.31 Hence 7(M) = / by uniqueness, see 
Lemma 14.111 □ 

Lemma 5.16. Let C = {h, . . . ,lk} he a maximal collection of mutually 
orthogonal oriented Ptolemy lines in X^, S = {si,...,Sfc} a collection of 
nonnegative numbers with si + • • • + = 1, 6, fej : X^ — )• M the Busemann 
functions of the zigzag curve 7 = 7(0, C, S), Ptolemy line U with b{o) = = 

bi{o) respectively, i = 1, . . . ,k. Then Xb = Sibi, where A = ^1- 

Proof. We denote hy h = Xb — J2i ^i^i the function X^^ — )• M with h{o) = 0, 
which is an affine function on every Ptolemy line on X^. First, we check 
that h vanishes along li, . . . ,lk (assuming that these lines pass through o). 
Indeed, Sibi{z) = Sjbj{z) for every z G Ij because k-Llj for i / j. Since b 
is a Busemann function of I, it is afhne on Ij with the coefficient slope(/j, /), 
b{z) = — slope{lj,l)bj{z). Using symmetry of the slope, we obtain 

slope(/j,/) = slope(/,/j) = — slope(/j, = —sj/X, 

i 

see the proof of Lemma [5. Ill Thus Xb{z) = Sjbj{z), and h{z) = 0. 
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Next, we show that if h is constant of a Ptolemy Hne I, then it is constant 
on every Ptolemy line /' that is Busemann parallel to I (with maybe a differ- 
ent value). By Lemma 14.121 we know that /, /' diverge at most sub linearly, 
and also that h is affine on Thus h\l' cannot be nonconstant because h is 
a Lipschitz function on X^^. 

It follows that h vanishes on every piecewise geodesic curve with origin o 
and with edges Busemann parallel to the lines li, . . . ,1^. Hence, h vanishes 
along any zigzag curve of type 'y{o,C,S). Using Lemma [5.151 we conclude 
that h is constant along any Ptolemy line in Xi^. 

By Proposition 14.271 every Ptolemy circle possesses a unique tangent 
line, which is certainly a Ptolemy line, at every point. Using standard 
approximation arguments, we see that h is constant along any Ptolemy 
circle in X^^. By the existence property (E), every x G X^^ is connected with 
o by a Ptolemy circle. Thus h{x) = and Xb = 6j. □ 

Proof of Proposition \5. 121 Let C± = {/i,...,/^} be a maximal collection 
of mutually orthogonal Ptolemy lines in Xi_j. This means that we actually 
consider respective foliations of Xi^ by Busemann parallel Ptolemy lines. For 
any x G X^^, for the fiber F and for the respective lines from C± through 
X, we have by definition F C r]jHj, where Hj C is the horosphere of Ij 
through X. It follows from Lemma [5.151 and Lemma [5.16l that any Busemann 
function b : X^^ — )• M with b{x) = is a linear combination of the Busemann 
functions bi, . . . ,bk of the lines h, . . . ,lk which vanish at x. Thus b vanishes 
on rijHj, and therefore F = CijHj. □ 

Proof the property (Ik)- Given a fiber (K-line) F C X^ and x G X^^ \F, we 
show that there is a Ptolemy line I C Xi^ through x that hits F. Uniqueness 
of I is proved at the end of sect. [5l 

Using Proposition I5.12| we represent F = rii^c±Hi, where C± is a fi- 
nite collection of mutually orthogonal Ptolemy lines, Hi a horosphere of /. 
Choosing appropriate orientations of the members of £.±, we can assume 
that Hi = bJ-^iO) and bi{x) > for every / G £±, where 5/ : X^^ — >■ R 
is a Busemann function of /. Moving from x in an appropriate direction 
along a Ptolemy line, which is Busemann parallel to / G C± with > 0, 
we reduce the value of bi to zero keeping up every other Busemann func- 
tion bi', I' G jC±, constant. Repeating this procedure, we connect x with 
F by a piecewise geodesic curve with at most edges. Now, the zigzag 
construction produces a required Ptolemy line through x that hits F. □ 

5.4 Properties of the base 

We fix a; G X and a metric d from the Mobius structure for which u is in- 
finitely remote. We also use notation \xy\ = d{x, y) for the distance between 
X, y G X^. 
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Lemma 5.17. Let ip : — t- X^^ he a pure homothety with (p{o) = o, 
o G Xijj. Then ip preserves the fiber (K-line) F through o, p{F) = F. In 
particular, every shift rjxx' '■ X^ — )• X^ with x, x' £ F preserves F. 

Proof. As in Lemma 14.151 we have Xb o p = h for any Busemann function 
h : X^ — M with b(o) = 0, where A is the coefficient of the homothety (p. 
Since b{x) = for every x £ F,we see that boip{x) = 0, and thus p{x) £ F, 
that is, p}{F) = F. The assertion about a shift rj^x' fohows now from the 
definition of rjxx'- 

Lemma 5.18. Let r] : X^ — )■ X^ be a shift that preserves a "K-line F C X^^. 
Then r] preserves any other K.-line F' C X^^ . 

Proof. Let b : X^ — )• M be a Busemann function associated with an (ori- 
ented) Ptolemy Une / C X^^. Then for any isometry rj : X^^ — t- X^ the 
function b o rj \s a. Busemann function associated with Ptolemy line r]~^{l). 
Thus for an arbitrary shift rj : X^ — )• X,^, we have b o rj = b + Ci,, where 
Cfo G M is a constant depending on b, because the line r]^^{l) is Busemann 
parallel to /, hence the function b o rj is also a Busemann function of /, and 
the functions b, bo rj differ by a constant. 

In our case, when r] preserves a lEC-line, this constant is zero, Cf, = 0, thus 
b o r] = b for any Busemann function b : — )■ X^^. Therefore, r/ preserves 
any K-line. □ 

We define 

d{F, F') = inf{|xx'| : x£F, x' £ F'} 
for K-hnes F, F' C X^. 

Lemma 5.19. Given M.-lines F, F' C X^^, and x £ F, there is x' £ F' such 
that d{F,F') = \xx'\. 

Proof. Let Xi £ F, x'- £ F' be sequences with \xix[\ — )• d{F,F'). Using 
Lemma I5.18|. we can assume that Xi = x for all i. Then the sequence 
x'^ is bounded, and by compactness of X it subconverges to x' £ F' with 
\xx'\=d{F,F'). □ 

Lemma 5.20. For any "K-lines F, F' C X^, we have d{F,F') = \xx'\, 
where x = lnF,x' = ln F' , and I is any Ptolemy line in that meets 
both F, F'. 

Proof. By Lemma 15.31 the distance \xx'\ is independent of the choice of 
/. By definition \xx'\ > d{F,F'). By Lemma \5.19\ there is x" £ F' with 
\xx"\ = d{F,F'). The horosphere H of (a Busemann function associated 
with) I through x' contains F', in particular, x" £ H. Then \xx"\ > \xx'\ 
and hence, d(F,F') = \xx'\. □ 
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Let TT^ : — be the canonical fibration, see sect. O For b G B^^, 
we denote with = vrj^(5) the K-Une over b. For b, b' G B^ we put 
:= \xx'\, where x = I Ci Fb, x' = I (1 Fbi, and I C X^^ is any Ptolemy 
line that meets both Fj, and F^'. By property (Ik)) such a line Z exists, by 
Lemma [5.201 the number \bb'\ is well defined, and the function (b, b') i— >• \bb'\ 
is a metric on 5^^. This metric is said to be canonical. 

Proposition 5.21. The canonical projection n^^ : X^^ — t- B,^ is a 1-Lipschitz 
submetry with respect to the canonical metric on B^. Furthermore, B^^ is a 
geodesic metric space with the property that through any two distinct points 
b, b' G there is a unique geodesic line in B^. 

Proof. It follows from Lemma 15.201 that the map tTi^ is 1-Lipschitz. Let 
D = Dr{o) be the metric ball in X^ of radius r > centered at a point 
o G X^, D' C B^ the metric ball of the same radius r centered at iTujio). 
The inclusion D' C ti^^{D) follows from the definition of the metric of B^^. 
The opposite inclusion D' D vr^(-D) holds because vr^ is 1-Lipschitz. Thus 
-Kuj '■ X^ — )• B^ is a 1-Lipschitz submetry. 

Furthermore, by Lemma 15.201 the projection vr^^ restricted to every 
Ptolemy line in X^ is isometric, and thus by property (Ik), the base B^ 
is a geodesic metric space. Moreover, it follows from (Ik) that through any 
two distinct points b, b' G B^ there is a unique geodesic line in Bi_j. □ 

Corollary 5.22. For any homothety ip : Xi^ — )• X^^, the induced map 7r^:{ip) : 
Bi^ — )• Bf^ is a homothety with the same dilatation coefficient. □ 

Proposition 5.23. The base B^^ is isometric to an Euclidean M*^ for some 
k < dimX. 

Proof. Any Busemann function b : X^ — )• M is affine on Ptolemy lines by 
Proposition 14.201 By definition, b is constant on the fibers of tt^, thus it 
determines a function b : B^^ — J- R such that b o tt^ = b. This function 
is affine on geodesic lines in B^ because every geodesic line I C B^ is of 
the form I = for some Ptolemy line / C X^^, and each unit speed 

parameterization c : M — t- X^ of / induces the unit speed parameterization 
c = vr^ o c of I. Then 6oc = 6o7r^oc = &ocisan affine function on M. 

We fix a base point o G X^^ and a maximal collection C = {Zi, . . . , 1^} 
of mutually orthogonal Ptolemy lines of X^ through o. Let bi,. . . ,bk be 
Busemann functions of the lines li,...,lk respectively which vanish at o. 
We denote with Ij the projection of li to B^^, and with bi : B^ — )• M the 
function corresponding to 6^, i = 1, . . . , /c. By Proposition l5.12l the functions 
bi,...,bk separates fibers in X^. Thus the functions bi,...,bk separates 
points of Bi^, that is, for each z, z' G Bi^ there is i with bi{z) ^ bi{z'). 
Therefore, the continuous map h : B^ — t- M.^, h{z) = {bi{z), . . . ,bk{z)) is 
injective. This map is surjective by the same argument as in the proof 
of the property (Ik)) and it introduces coordinates on B^. We compute 
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the distance on B^^ in these coordinates. Applying a shift if necessary, see 
Corollary 15.221 we consider W.L.G. the distance |oz| for every z G Xi^, 
where 1 = vrtj(2:). By (Ik) there is a unique Ptolemy line / C through 

that hits the fiber through z. It follows from our definitions that for 

01 = slope(Z,/j) we have bi{z) = ai\o^\, i = l,...,k. By Lemma [5.151 

Yli'^i = 1) thus |ozp = Ylih(^)- This shows that B^^ is isometric to an 
Euclidean R'^. We have k < dimX, because : — t- B^^ is a 1-Lipschitz 
submetry. □ 



6 Extension of Mobius automorphisms of circles 

6.1 Distance and arclength parameterizations of a circle 

In this section, we establish existence of a distance parameterization in a 
Ptolemy circle and study its relationship with an arclength parameteriza- 
tion. A distance parameterization is convenient to obtain an important 
estimate ([9]) below. On the other hand, in an application of this estimate 
we use computation of slops, which are most convenient to do in an arclength 
parameterization. 

In what follows, we consider a (bounded) Ptolemy circle a C X^^ and 
points X, y £ a with a := \xy\ > 0. 

Lemma 6.1. Let fj+, cr_ be the two components of a \ {x,y}. Then for 
all < t < a there exists exactly one point xf G cj+ (resp. x~[ G (T_J with 
\xxf\ = \xx~[\ = t. Therefore 7 : {—a, a) — )• a with 7(0) = x, j{t) = xf for 
t > 0, and 7(t) = xZ^ for t < parameterizes a neighborhood of x in a. 

Proof. The existence of a point x^ G cr-|- with \xxf\ = tis clear by continuity. 
To prove uniqueness consider points x<p<q<y in this order on 0"+ and 
assume b := \xp\ < a = \xy\. Let c := \xq\, Aq := \pq\, Xb := \qy\, Xc '■= \py\- 
The Ptolemy equality and the triangle inequality give 

aXa + bXb = cXc < c{Xa + Xb). 

Therefore 

a > —a + —b > b 

Xa + Xb Xa + Xb 

where the last equality holds, since a > b. In particular \xp\ ^ \xq\. □ 

In what follows, we use the parameterization 7 : (—a, a) — t- cr of a neigh- 
borhood of X G (J, and call it a distance parameterization. 

Lemma 6.2. The function g{t) := |7(t)y| is concave and -smooth on 
{-a,a). 
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Proof. For —a < ti < t2 < a the Ptolemy equality for the points x, 7(^1), 7(^2); y 
implies 

t29{ti)-tig{t2) = ahitih{t2)\. 

Thus for —a < ti < t2 < < a the triangle inequality 17(^1)7(^3)! < 
h{hh{t2)\ + h{t2h{h)\ implies 

^35(^2) - t2g{t3) + t2g{h) - hg{t2) > hg{h) - hgih) 

which is equivalent to 

g(^2)-g(ti) ^ g{t3)-g{t2) 

h — ti ~ ts — t2 

Therefore, g is concave. It follows, in particular, that g has the left g'_{t) 
and the right derivative g'^{t) at every t £ {—a, a), gL{t) > g'^{t) and 
these derivatives are nonincreasing, g'^{t) > gL{t') for t < t'. Furthermore, 
g'_{t) — )• g'_it') as t t', g'_^{t') — )• g'_^_{t) as t' \ t. These are standard well 
known facts about concave functions, see e.g. |H-ULj . 

We fix to £ {—a, a) and consider the Ptolemy line I C tangent to a at 
xq = 7(^0)- We assume that / is oriented and that its orientation is compat- 
ible with the orientation of a given by the distance parameterization 7. Let 
c : M — ?■ be the unit speed parameterization of I compatible with the ori- 
entation, c(0) = Xq. By Corollarv 14.281 y ^ I. By Lemma l4.19| the function 
g{s) = \c{s)y\, s E M, is C^-smooth. If to = 0, then g'^{to) = f (0) = g'^to), 
because I is tangent to a at xq = x, and thus g is differentiable at to = 0. 

Consider now the case to 7^ 0. Then again by Corollarv I4.28| x ^ I, thus 

the function /(s) = |c(s)x|, s G M, is C"^-smooth. We show that ^(0) 7^ 0. 
We suppose W.L.G. that to > 0. Then for all ti S (0, to) sufficiently close 
to to we have ^(0) 7^ 0, where h{s) = \xic{s)\, xi = 7(ti). We fix such a 
point ti, and using Lemma l6 . 1 1 consider the distance parameterization of a 
neighborhood of xq = 7(to) in a, \z{t)xi \ = r for all 2; G a sufficiently close 
to Xq. Then t = t(r) and the function /{t^ = \x^ o t(r)|^is concave by the 
first part of the proof. Since the functions /(s) = |xc(s)|, h{s) = \xic{s)\ are 
C^-smooth, and ^(0) / 0, the function /(r) = / o /i"^(t) is C^-smooth in 
a neighborhood of tq = |xiXo| by the inverse function theorem. Therefore, 

f-{To) = ^(0) = /+(to) because I is tangent to a at xq. The assumption 

^(0) =0 implies ^(to) = 0. By concavity, tq is a maximum point of the 
function /(t), and there are different r, r' arbitrarily close to tq with /(t) = 
/(r'). This contradicts properties of the parameterization 7(t) = 70 t(r). 

Hence, §(0) / 0. 

Again, by the inverse function theorem, the function g{t) = g o f~^{t) 
is C^-smooth in a neighborhood of to- However, ^(to) coincides with the 
left as well as with the right derivative of the function g at to because I 
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is tangent to a at xq. Therefore, g is difFerentiable at to- It follows from 
continuity properties of one-sided derivatives of concave functions that the 
derivative g' is continuous, i.e., g is C^-smooth. □ 

Lemma 6.3. Every Ptolemy circle a C X^^ is rectifiable and 

L{xx') = \xx'\ + o(|xx'p) 
as x' ^ X in a, where L(xx') is the length of the (smallest) arc xx' C a. 

Proof. We &x y G a, y ^ X, and introduce a distance parameterization 
7 : (—a, a) — )• fj of a neighborhood of x = 7(0) in a. Rescaling the metric 
of we assume that a = \xy\ = 1 for simplicity of computations. We use 
notation d{z,z') = \zz'\ for the distance in X^^, and \zz'\y for the distance 
in Xy^ assuming that 



\zz 



\zz'\ 



is the metric inversion of the metric d. 

Recall that o" \ y is a Ptolemy line in Xy. Thus for a given r G (0, 1), 
and for every partition = to < ■ ■ ■ <tn = r vie have 

XXr\y, 

i 

where A = max{<^^(t) : < t < r}, g{t) = \j{t)y\, Xr = 7(r). Hence 
a is rectifiable and L{xXr) < A|xxr|y. Moreover, using \^{ti)^{ti-^-l)\ = 
g{ti)g{ti+i)\-f{ti)-f{ti+i)\y, we actually have 

rr/g{r) 

L{r) = L{xxr) = / g'^{s)ds, 







where g{s) = got{s) with s = g(tj^g(t) ~ ^/di^)- Recall that the function g{t) 



is C^-smooth by Lemma 16.21 Then ds = dt and ^ — — ^^-^ 

particular, 4|(0) = 1. 



aW) ds g(t)-tg'{t) 

_(f\\ — ^ 

ds 



m 



Using developments g{s) = 1 + ^(0)s + o(s), g'^{s) = 1 + 2^(0)s + o(s), 
we obtain ^ 

L{r) = ^+'^{^)-^+o{r^), 
gir) ds g\r) 

where g(0) = 9'(0)f (0) = ^'(O). Since g{r) = 1 + g'{Q)r + o(r), g\r) = 
1 + 2g'{0)r + o(r), we finally have 

L(r) = r(l - g'{0)r) + g'{0)r'^{l - 2g'{0)r) + o(r^) = r + o{r^). 

Hence L{xx') = \xx'\ + o(|xx'p) as x' — >• x in a. □ 
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6.2 Slope of Ptolemy circles 

If oriented Ptolemy circles a' <Z X are disjoint, then their slope is not 
determined. Assume now that lo £ a D a' . Then slope^(cj, o") G [—1,1] is 
defined as the slope of oriented Ptolemy lines cr\x, a'\x C X^. This is well 
defined and symmetric, slope^((j, cr') = slope(^((T', a), by Lemma [4.261 In 
the case slope^(o", a') = ±1, the Ptolemy circles are tangent to each other at 
cj, having compatible (—1) or opposite (+1) orientations. This means that 
in any space X^' with lo' ^ to, the Ptolemy circles cr \ a;', a' C X^^ have 
a common tangent line at uj. 

More generally, let I, I' C X^i be the tangent lines to a, a' respectively 
at UJ, oriented according to the orientations of cr, a'. Then slope^((T, cr') = 
slope(/,/') because in the space the Ptolemy line cr \ w is Busemann 
parallel to and a' \ w is Busemann parallel to I' \uj, and we can apply 
Lemma [3221 

Furthermore, if a, a' have two distinct common points, uj, u' £ a cr', 
then slope^ (cT, fj') = slope^/((T, cr'). This follows from Lemma 14.251 

Lemma 6.4. Assume that a (bounded) oriented Ptolemy circle a C has 
two different points in common with a Ptolemy line I C X^^, x, y G cr n /, 
and the line I is oriented from y to x. Let cr+ C o" 6e the arc of a from 
X to y chosen according to the orientation of a. Let Xf, yt be the distance 
parameterizations of neighborhoods of x, y respectively such that xt, yt G 0"+ 
for t > 0, \xtx\ = t = \yty\- Furthermore, let : — M 6e the opposite 
Busemann functions of I normalized by b^{x) = 0, b^{y) = —a, b~{x) = —a, 
^ (y) — 0) where a = \xy\. Then 

b+{xt) + b'{yt)<2at--{l-a^)t^ (9) 

a 

for allt > in the domain of the parameterizations, where a = slope^, (cr, /) = 
slopey(cr, I). 

Proof. By Lemma [6.2l the functions g{t) = \xty\, f{t) = \ytx\ are C^-smooth 
and concave. Furthermore, their first derivatives at 0, g'{0) and /'(O), coin- 
cide with first derivatives of the distance functions to the respective tangent 
lines, g'{0) = g'iO) and /'(O) = /'(O), where g{s) = \c,{s)y\, f{s) = \cy{s)x\, 
and the unit speed parameterizations of the tangent lines Ix to cr at a; and 
ly to C7 at y are chosen compatible with the distance parameterizations xt, 
yt so that c^(0) = x, Cy{0) = y. 

Using that I is oriented from y to x, and cr+ from x to y and applying 
equation ([8]), we find ^'(0) = slope{lx,l)- By the same equation ([8]) we 
have /'(O) = slope(/y, — /) = — slope(/y, /). The sign —1 appears because the 
orientation of / from x to y is opposite to the chosen orientation. Note that 
the orientation of Ix is compatible with that of a, while the orientation of 
ly is opposite to that of a. Therefore, g'{0) = a = slope(cr, and /'(O) = 
— slope(/y, /) = slope((T, /) = a. 
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Using concavity we obtain g{t) < g{0) + g'{0)t = a + at and similarly 
f{t) < a + at for all < t < a. The Ptolemy equality applied to the ordered 
quadruple {x,xt,yt,y) C a gives g{t)f{t) = + a\xtyt\, hence 

\xtyt\ <a + 2at- -(1 - a^)t^. 
a 

Let , be the horospheres of b'^, b~ through xt, yt respectively, 
xt E , yt E Hf . Since X is Busemann flat, see Lemma 14.191 is also 
a horosphere of 6^ and is a horosphere of . Thus > ^, where ^ 

is the distance between the points / n H^^ , I n , ^ = a + b~^{xt) + b~{yt). 
Therefore, 

+ < 2at - -{1 - a^)t^. 

a 

□ 

6.3 Extension property 

Surprisingly, the proof of the extension property (E2) is based on study of 
second order properties of Ptolemy circles like Lemma 16. 4i 

Proposition 6.5. Any compact Ptolemy space with properties (E) and (I) 
possesses the extension property (E2), see sect. \4.1\ 

Lemma 6.6. Any Mobius automorphism of any Ptolemy circle a C X 
preserving orientations extends to a Mobius automorphism of X. 

Proof. We represent a as the boundary at infinity of the real hyperbolic 
plane, a = 5ooH^. Then the group G of preserving orientations Mobius 
automorphisms of a is identified with the group of preserving orientations 
isometries of H^. The last is generated by central symmetries, and any 
central symmetry of induces an s- inversion of a. Thus G is generated by 
s- inversions of a. 

Now, any s-inversion of a can be obtained as follows. Take distinct w, 
uj' ^ a and a metric sphere S <Z X between w, uj' . Then an s-inversion 
92 = ^ui,ui',s ■ X ^ X restricts to an s-inversion of a. Thus any Mobius 
automorphism of a from G extends to a Mobius automorphism of X. □ 

The group AutX of Mobius automorphisms of X is noncompact: a 
sequence of homotheties of X^^ with coefficients Aj — )• 00 and with the same 
fixed point has no converging subsequences. However, we have the following 
standard compactness result. 

Lemma 6.7. Assume that for a nondegenerate triple T = {x,y,z) C X 
and for a sequence (pi E AutX the sequence Ti = ipi{T) converges to a 
nondegenerate triple T' = {x',y',z') C X. Then there exists f E AutX with 

v{T) = r. 
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Proof. For every u £ X\T the quadruple Q = (T, u) is nondegenerate in the 
sense that its cross-ratio triple crt(Q) = {a : b : c) has no zero entry. Since 
crt((/5j((5)) = crt((5), any accumulation point u' of the sequence Ui = ipi{u) 
is not in T' . Thus for the nondegenerate triple S = {x,y,u) any sublimit 
S' = {x',y',u') of the sequence Si = (p{S) is nondegenerate. Applying the 
same argument to any v € X\S, we observe that the sequences Ui, Vi = (pi{v) 
have no common accumulation point. This shows that any limiting map (p of 
the sequence obtained e.g. by taking a nonprincipal ultra-filter limit, is 
injective, and hence it is a Mobius automorphism of X with '^{T) = T' . □ 

Proposition 6.8. The group of Mobius automorphisms of X acts transi- 
tively on the set of the oriented Ptolemy circles in X. In particular, for any 
oriented circle a C X there is a Mobius automorphism ip : X ^ X such that 
(p{(7) = a and reverses the orientation of a. 

Proof. We fix an oriented Ptolemy circle a C X and distinct points x, y £ a. 
For an oriented circle ao G X we denote with A the set of all the circles 
(p{cro), (/3 S AutX, with the induced orientation which pass also through x 
and y. Let 

a = inf{slope(o", o"') : a' £ A}. 

By two-point homogeneity property, see Proposition 14.171 A 7^ 0. Applying 
Lemma [6771 we find a' £ A with slope (a, a') = a. Next, we show that a < 1. 
Applying a shift we first make do disjoint with a. Taking a point a; G fio as 
infinitely remote, we consider all Ptolemy lines in X^^ which are Busemann 
parallel to ctq \ a; and intersect a. Since a is bounded in X^, at least one of 
them, I, is not tangent to a. Then slope(iT, /) < 1. This / can be obtained 
from (To \ a; by a shift. Applying another shift to / in the space X^^' with 
uj' £ a n I (this does not change the slope), we can assume that x £ a Ci I. 
Repeating this in the space Xx, we find a £ A with slope{a,a) < 1. Thus 
a < 1. 

We show that a = —1. Then a = v'(cto) as oriented Ptolemy circles for 
some (p £ AutX, which would complete the proof. 

Assume that a > —1. The points x, y subdivide each of the circles cr, 
a' into two arcs. We choose an arc 0"+ C <t leading from x to y according 
to the orientation of a, and an arc a'_^_ C a' leading from y to x according 
to the orientation of cr'. Taking a point to £ a' inside of the opposite to a'j^ 
arc, we see that / = o"' \ a; is a Ptolemy line in the space X^ oriented from 
y to X. 

Given x' £ (T+, for every Ptolemy line Ix' C Xi_j through x' , which is 
Busemann parallel to I and is oriented as I, we have slope(cT, Z^') — by the 
definition of a, because by the same argument as above Ix' can be put in 
the set A without changing the slope. 

Let b^ : X^^ — )• M be the opposite Busemann functions of / normalized 
by b'^{x) = 0, b'^{y) = —a, b~{x) = —a, b~{y) = 0, where a = \xy\. Using 
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Lemma 16.31 we consider for a sufficiently small e > arclength parameteri- 
zations c^;, Cy : {—e,e) — a with Cx{0) = x, Cy{0) = y, Cx{s), Cy{s) G (T+ for 
s > 0, of neighborhoods of y respectively in a. Since Busemann functions 
on are affine and hence differentiable along Ptolemy lines, and since the 
derivative ^^^f^('S) coincides with the derivative of along the tangent 
line to a at Cx(s), we have 

d6+ o Cx , . 

— — — (s) = slope(cj,/c(s)) > a- 

For a sufficiently small t > let xj G ctj^ be a point at the distance t 
from X, \xtx\ = t, xt = Cx{t) for some r = T{t). By integrating we obtain 
b'^{xt) > aL{xxt) > at. A similar argument shows that h~{yt) > at, where 
Vt = Cy{T') for some r' = T'(t), \yyt\ = t. Therefore, b'^{xt) + h~{yt) > 2at. 
This contradicts the estimate Q of Lemma 16.41 Thus a = —1. □ 

Proof of Proposition \6.5l Given a Mobius map -0 : cr — t- a' between Ptolemy 
circles a, a' C X, we choose orientations of a, a' so that ip preserves the 
orientations. By Proposition 16.81 there is (/? G Aut X with '^{(t) = a' pre- 
serving the orientations. Then ip~^ o tp : a ^ a preserves the orientation of 
(7, and hence it extends by Lemma 16.61 to ip' G AutX, if'\a = ^p~^ oip. Then 
if o cp' ^ Aut X is a required Mobius automorphism. □ 



7 Topology of the space X and of K-lines 
7.1 Groups of shifts 

Recall that by Lemma [4.15l a shift rj : X^^ — t- X^^ is an isometry that preserves 
every foliation of Xi^ by (oriented) Busemann parallel Ptolemy lines. Clearly, 
the shifts of Xi^ form a group which we denote with A'^. Then Ni_j is a 
subgroup of the group AutX of the Mobius automorphisms of X. 

Lemma 7.1. The group A^ acts simply transitively on X^. 

Proof. Given x, x' G X^^, the shift rjxx' moves x to x' , rixx>{x) = x' , by 
construction, see sect. 14.31 Thus N^^ acts transitively on X^. 

Assume that rj{x) = x for some shift rj : X^ — )• X^ and some x G X^. 
We denote with V the fixed point set of r/, r/(y) = y for every y ^ V . We 
show that V = X. Note that every Ptolemy line / C A"^, which meets V , 
is contained in V because the isometry r] preserves every foliation of X^ 
by oriented Busemann parallel Ptolemy lines. Next, we note that every 
Ptolemy circle a C X^, which meets V at two different points, is contained 
in V . Indeed, the tangent to a lines at these points are contained in V . 
However, a is uniquely determined by its tangent line and any other its 
point, see Corollarv 14.281 
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Assume that V ^ and let tj' G X\y . Since V is closed, a;' is contained 
in X \ y together with a neighborhood U of w'. Let (/? : X — t- X is a space 
inversion with ^(yi'^ = u, W = (p(V). Then W misses the neighborhood 
ip{U) of uj, and thus W is compact in X^. Furthermore, W contains together 
with any two different points every Ptolemy circle through these points. The 
image W = irui{W) C under the canonical projection vr^j : — B^^ is 
compact since W is compact in Xi^. On the other hand, given z G W and a 
Ptolemy line / C X^ through z, there is a Ptolemy circle a <ZW through z 
with the tangent line I. Indeed, for every z' G VF, z' ^ z, by Corollarv 14.281 
there is a unique circle through z, z' that is tangent to /. This circle is 
contained in W by properties of W . It follows that W is open in B^^ and 
thus W = B^. This contradicts the fact that W is compact. 

Therefore, V = X, and thus rj = id, i.e. the group N^^ acts simply 
transitively on X^^. □ 

We fix o G X^ and using Lemma [77T] identify A'^^ with X^ by 77 1— )• 77(0). 

Then A^ is a locally compact topological group. 

An automorphism r : N^^ — )• is said to be contractible if for every 77 G 
we have lim„_^oo T^iv) — id. If admits a contractible automorphism, 

then A^j is also said to be contractible. 



Lemma 7.2. There is a contractible automorphism r : A^^ — t- A^ 



Proof. We take any pure homothety (p : X^ — t- X^ with (/?(o) = o and with 
the coefficient A G (0, 1). Then we define T{rj) = ip o rj o tp"^. The map 
rj' = T{r]) : A^ — )• A^ is an isometry preserving every foliation of A^ by 
Busemann parallel Ptolemy lines, i.e. r]' is a shift, and it is clear that r is 
an automorphism of N^^. 

For the sequence of shifts rjn = T'^{rj) we have 7?n(o) = y?"' o 77(0) — )• o 
as n — 00. Thus converges to a shift r/00 with 7700(0) = o, hence, 7700 = 
id. □ 

Corollary 7.3. The group A^ is a simply connected nilpotent Lie group. 
In particular, the space X^ is homeomorphic to M", and the space X is 
homeomorphic to the sphere with n = dim A. 

Proof. The group A'^^^ is connected and locally compact because the space 
X^ is. By Lemma [7^ A^j is contractible. Then by [Siebj Corollary 2.4] A;^ 
is a simply connected nilpotent Lie group. □ 

We denote with Z^^ a subgroup in A'^^^ which consists of all shifts rj G 
acting identically on the base 7r*(77) = id, where '/r*(7/) : B^ — B^ 
is the shift induced by the projection : X^ — B^, see Corollarv I5.22[ 
Every r] £ Zi_j preserves every fiber (K-line) of vr^j, see Lemma 15.171 and 
Lemma 15.181 
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Proposition 7.4. The group acts simply transitively on every K-/me 
F C Xi^, and thus it is a contractihle, connected, locally compact topological 
group. Therefore, is a simply connected nilpotent Lie group, and F is 
homeomorphic to MP for some < p < n. 

Proof. The group Z^^ acts transitively on F by Lemma 15.171 Tlie action is 
simply transitive by Lemma l7.ll We fix o G F and identify Z^^ with F by 
rj I—)- r]{o). By the same argument as in Lemma 17.21 we see that the group 
Zi^ is contractible. Furthermore, F is locally compact. Given x, x' £ F, 
there is a Ptolemy circle a C X^^ through x, x'. By (Ik), through any 
point z £ a there is a uniquely determined Ptolemy line that hits F. This 
defines a continuous map a ^ F. Thus F is linearly connected. Hence, 
is a contractible, locally compact, connected topological group. By |Siebl 
Corollary 2.4], Z^^ is a simply connected nilpotent Lie group, and thus F is 
homeomorphic to for some < p < n. In fact p < n because X contains 
Ptolemy circles and thus k = dim > 0, while n = k + p. □ 

To complete the proof of Theorem 14.51 it remains to show that \l k = 1 , 
then X = M. In the following section, we establish a more general fact from 
which this property follows immediately. 

7.2 Non-integrability of the canonical distribution 

Given a G X^^, x G B^, by the property (Ik) there is a unique x £ F-^ = 
7r~^(x) that is connected with o by a geodesic segment ox. The point x is 
called the lift of x with respect to o, and we use notation x = lifto(x). This 
defines an embedding lifto : B^ — )• X^ with -k^^ o lift,, = id for every o G 
X^^. We denote Do = \\ito{BiS). The embedding lifto is radially isometric, 
|olifto(x)| = |7r(o)x| for every x G -Boj- Though there is no reason for lifto as 
well as for the projection tt^jIDo to be isometric, the map lifto is continuous 
which follows the uniqueness property of (Ik) and compactness of X. 

The family of subspaces Do, o £ X^, is called the (canonical) distribution 
on Xi^. We say that the canonical distribution V = {Do : o G X^} on 
is integrable if for any o G Xi^ and any o' G Do, the subspaces Do and Do' 
of Xi^ coincide, Do = Do'. For example, if the base -B^j is one-dimensional, 
then the canonical distribution T> is obviously integrable. 

Proposition 7.5. Assume that the canonical distribution on X^^ is inte- 
grable for every lo £ X. Then p = 0, i.e. every fiber of every projection tt^ 
is a point, and the space X is Mobius equivalent to M"" with n = dimX. 

Proof. We first show that vr^j : Do — s- B^^ is an isometry for every o G X^^. 
Recall that the map vr^j : Do — s- B^ is radially isometric. For any o', x G Do 
we have x G -Do' because Do = Do'. Thus \iTuj{o')tt^{x)\ = \o'x\, and the 
map -Kuj '■ Do ^ B^ is an isometry. 
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It follows that through any two distinct points uj, o ^ X there is a 
uniquely determined subspace B <Z X, the induced Mobius structure of 
which is the canonical Mobius structure of the sphere S'^, where k is the 
dimension of any base B^^, uj G X. Any such a sphere is called a foliating 
sphere. 

Next we show that two different foliating spheres B, B' C X have at 
most one point in common. For co G BCiB' consider a metric of the Mobius 
structure such that uj is the infinitely remote point. Then B \ {w}, B' \ {lo} 
are disjoint being the members of the foliation of Xi^ by foliating spheres. 

Now, we exploit the same idea as in the proof of Lemma 17.11 Assume 
p > 0. Then there are different x, x' G F, and let C X the foliating 
sphere through x, x' . We have oj ^ B since otherwise B \ uj is a member of 
the foliation of X^^, and B \u; is covered by Ptolemy lines / through x, x'. 
Then by Lemma I4.21l i3 \ uj must lie in F. However F contains no Ptolemy 
line by construction. 

Thus B C Xi^ is compact, and its projection B = tTui{B) C B^^ is com- 
pact. On the other hand, given z G B and a Ptolemy line I C through z, 
there is a Ptolemy circle a C B through z with the tangent line I. Indeed, 
for every z' G B, z' ^ z, by Corollarv 14.281 there is a unique circle through 
z, z' that is tangent to I. This circle is contained in B because B is Mobius 
equivalent to M.^ and it contains with any two points every Ptolemy circle in 
X through these points. It follows that B is open in and thus B = B^. 
This contradicts the fact that B is compact in B,^. 

Hence p = 0, n = fc, and X is Mobius equivalent to M" with n = 
dimX. □ 

Corollary 7.6. Assume p > 0, that is, fibers of the canonical projections 
TT^, (jj G X, are nondegenerate. Then the canonical distribution on X^ is 
non-integrable for every u G X . 

Proof. By Proposition 14. 171 the space X is 2-point homogeneous. It follows 
that if the canonical distribution on X^^ is integrable for some to, then this 
is true for every uj G X. Then p = by Proposition 17.51 This contradicts 
our assumption. □ 

The next corollary follows immediately from Proposition [731 ai^d it com- 
pletes the proof of Theorem 14.51 



Corollary 7.7. If the base B^ of X^ is one- dimensional (this is independent 
ofujGX),thenp = OandX = R. □ 



8 Semi-C-planes 

Starting from this place, we consider in what follows a compact Ptolemy 
space X that satisfies the assumption of Theorem 14.51 and its conclusion for 
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the case p = 1, i.e. when fibers of the canonical projection tTi^ : — t- 
are one-dimensional for every w G X, and therefore they are homeomorphic 
to M. This also means that the notation K is replaced for X by C, e.g. 
fibers are C-lines, the properties (Ijk)) (2k) become (Ic); (2c) respectively, 
semi-K-planes are called semi-C-planes, etc. It follows from Corollary 17.71 
that dimi?;^ = /c > 2, a; € X. 

8.1 Foliations of semi-C-planes 

Let / C X^ be a Ptolemy line, M = Mi the respective semi-C-plane, see 
sect. 15.11 Any fiber (C-line) F C X^ of vr^, that meets I, is contained in 
M by definition of M. We fix such an F C M. By Lemma 15.31 every 
Ptolemy line in X^^ through any point of F, which is Busemann parallel to 
I, is contained in M and hits every other C-line F' C M. Furthermore, any 
two C-lines F, F' C M are equidistant in the sense that the segments of any 
two Ptolemy lines /, /' C M between F, F' have equal lengths. 

Proposition 8.1. The map : I x F ^ M, 'ilj{x,y) = F^ Ci ly, where 
Fx C M is the C-line through x £ I, ly C M is the Ptolemy line through 
y G F, is a homeomorphism, in particular M is homeomorphic to M?. 

Proof. The map is well defined and bijective by properties of the projection 
vr^ : X^ — )• B^, of the semi-C-plane M, and by (Ic)- Since X is Hausdorff, 
to show that ip is a homeomorphism, it suffices to show that ip is continuous. 

Assume that F 3 yi ^ y £ F, z = ly Ci Fx, Zi = k Ci Fx, where ly, 
k = ly^ C M are Ptolemy lines through y, yi respectively, C M is the 
C-line through x £ I. Since \yiZi\ = \yz\ by the equidistant property, the 
sequence \zzi\ is bounded, thus Zi £ Fx subconverges to some z' £ Fx- Since 
a pointwise limit of geodesies in any metric space is a geodesic, we see that 
li I' pointwise, where C X^ is a Ptolemy line through y, z' . By (Ic)) 
I' = ly <Z M, hence z' = z = limzj. This shows that the map ipx '■ F ^ Fx, 
i^xiy) = fp{x,y), is continuous for every x £ I. 

The map tpy : I ^ ly given by ipy{x) = ip{x, y) coincides with the isometry 
fifty o'K^\l : I ^ ly. Now the map is continuous at every point {x,y) £ Ix F 
because 



\ij{x',y')'ijj{x,y)\ < \i>{x',y')i>{x,y')\ + \7p{x,y')'ijj{x,y)\ 
= \x'x\ + \i^xiy')^x{y)\ 

as {x',y') {x,y). □ 

It follows from Proposition 18. II that every semi-C-plane M C carries 
two foliations, one by C-lines and the other by Ptolemy lines. Thus fixing 
an order on a C-line F G M, we have a well defined order on any other 
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C-line F' C M compatible with the Ptolemy line foliation of M. Therefore, 
given a Ptolemy line I C M, the notion of a half-plane of M bounded by / 
is well defined, and there are two half-planes bounded by I whose union is 
M. Any homothety (p : M M with (p{l) = I either preserves each of the 
two half-plane bounded by I or it permutes them. 

8.2 Flips of semi-C-planes and self-duality 

By the extension property {E2), every flip 99 : / — t- / of a Ptolemy line I C Xi^j 
extends to an isometry of X,^ for which we use the same notation ip. Since 
(f preserves the line I, the semi-C-plane M that contains / is also preserved 
by if and : M ^ M is an isometry with a fixed point o G Z C M. If ip 
preserves each of the half-planes bounded by I, then we say that (p : M ^ M 
is a flip. 

Proposition 8.2. For every semi-C-plane M C X^^ every flip ip : I ^ I of 
any Ptolemy line I C M extends to an isometry of Xi^, which is a flip on 
M. 

We begin the proof with following 

Lemma 8.3. Let M C X^ he a semi-C-plane, I C M a Ptolemy line. Given 
distinct p, p' G I, there exists a continuous path a : [0, 1] — )• X^^ between p, 
p' , (t(0) = p, o"(l) = p' , such that cr((0, 1)) C Xi^\M , and oa{t) is a geodesic 
segment in X^ of length \pp'\/2 for the midpoint o G pp' and for all t G [0, 1]. 

Proof. It follows from the property (Ic) that for each distinct C-lines F, 

F' C Xi^ there is a unique semi-C-plane M C X^^ that contains F, F', 
and if distinct semi-C-planes M, M' C X^^ intersect, then their intersection 
M n M' is a unique common C-line. 

Let F, F' C X^ be the C-lines through p, p' respectively. Since the 
dimension of the base is at least 2, and every scmi-C-plane in projects 
down to a line in the base, there is a point x G X^^ \ M. Let F" be the C-line 
through X. We denote with M', M" the semi-C-planes that contain the pairs 
F, F" and F' , F" respectively. Then F, F' C M bound a strip FF' C M 
foliated by C-lines. Similarly, FF" C M', F'F" C M" are respective strips 
foliated by C-lines. 

We parameterize the set of the C-lines of FF" U F'F" by the segment 
[0, 1] in the natural way, t Ft, so that Fq = F, F1/2 = F", Fi = F'. Then 
the C-line Ft is disjoint with the semi-C-plane M for all < t < 1 by our 
construction. By the property (Ic); for each Ft, < t < 1, there is a unique 
Ptolemy line It C X^^ connecting with Ft (note that Iq = I = li). 

Now, the point a{t) E k, < t < 1, is uniquely determined by conditions 
|o(T(i)| = \pp'\/2, and a{t) lies on the subray of It with the vertex that 
intersects Ft- In particular, o"(0) = p, (t(1) = p' and o"((0, 1)) C X^^ \ M. 
Furthermore, oa{t) is a subsegment of the Ptolemy line It in X^j. 
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Note that by Proposition 18.11 the map t Ft is continuous in the sense 
that if — 7- t, then Ft- — t- Ft pointwise. Thus continuity of the map a : 
[0, 1] — )• Xi_j follows from compactness of X and the fact that oa{t) is the 
unique geodesic segment in between o and Ft for every t G [0, 1]. □ 

Proof of Proposition Let o G / be the fixed point of the flip ip : I ^ I, 
F C M the C-line through a. Since 93 :/—)•/ is an isometry, every its 
extension Tp : X^^ — t- Xi_j is an isometry, the semi-C-plane M is invariant 
under Tp, Tp{M) = M, by definition of M, and piF) = F because there is 
only one C-line through 0. If the restriction Tp\F is the identity of F for 
some extension Tp of p, then ^ : M — )• M is a flip. 

We fix p G /, p 7^ o, and put p' = p{p). Let a : [0, 1] — )■ X^ be the path 
between p = cr(0) and p' = a{l) constructed in LemmaESl We denote by It 
the Ptolemy line in that contains the segment oa{t), and hy pt '■ ^ ^ h 
the isometry with ipt{o) = o, iptip) = o'(t), t £ [0,1]. Then po = id; and 
pi = p. 

Assume that an isometry at : X^^ — )• fixes the Ptolemy line It point- 
wise for some t G [0, 1] and the restriction at\F : F ^ F is a flip. Using 
the same notation pt '■ X^ — >• for an extension oi pt '■ I ^ h that exists 
by (-E'2)) we note that Pt = Pt^^ ° at o pt ■ X^ — X^^ preserves M, fixes the 
Ptolemy line I pointwise and Pt : F ^ F is a, flip. Then for every extension 
Tp oi p that is not a flip on M, the isometry Tp o Pt : M — )• M is a flip that 
extends p. 

Thus we assume that for every t G [0, 1], every isometry at : X^ — t- X^, 
that fixes the Ptolemy line It pointwise, restricts to the identity of i^, at\F = 
idp- The set 

A = {t £ [0, 1] : Tp\F = idp for every extension Tp^ : X^ — X^ of pt} 

is closed in [0, 1] by continuity and G ^ by our assumption. We show that 
A is open in [0, 1]. If not, then there is a sequence G [0, 1] \ ^ converging 
to some t €z A, and for every i there is an extension Tp^ : X^^ — )■ of pt^ 
such that Tp^\F : F ^ F is a flip. The sequence {Tp^} subconverges to an 
isometry ■0 : X^^ — )■ X^^ such that = pt and -01^ : F ^ F is a flip. This 
contradicts the condition t € A. Thus A = [0, 1] and p = pi extends to the 
required flip Tp : M ^ M. □ 

Given a Ptolemy circle a C X and distinct u, u' G a, recall that the 
set -B^^/ consists of all x G X^^ with b^{x) > 0, where : X^^ — )• M 
are the opposite Busemann functions of the Ptolemy line a \uj C X^ with 
h^{ijo') = 0, see sect. 13.11 In a Busemann flat Ptolemy space, B^^, = H^^i 

is the horosphere of a \ w through uj' . Furthermore, D^[^ is the subset in 
X^/ which consists of all x such that u; is a closest to x point in the geodesic 
line a\uj' (w.r.t. the metric of X^^i). By duality, see Lemma [321 we have 
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or in the case of a flat space by Lemma 13.51 
It follows that 

where -B% is the intersection of , taken over all the Ptolemy circles a in 
X containing both uj, oj' , is the intersection of D'^'^ taken over all the 
Ptolemy circles a <Z X containing both oj, uj' . In the case of a flat space this 
equality takes the form 

where H'^, = F \s the fiber through oj' of the canonical projection t:^ : X^^ — ?■ 
Bi^. In other words, for the fiber (C-line) F C X^^ through oj' , every point 
X ^ F \ oj' has the property that a; is a closest point to x on the Ptolemy 
line a\oj' <Z X^i in the space X^^/ for every Ptolemy circle a <Z X through 
w, oj' . 

Corollary 8.4. The space X is self-dual in the sense that H^, = D^, for 
each distinct oj, oj' ^ X . That is, every point x of the C-line F C X^^ through 
oj' has the property that oj' is a closest to x point on every Ptolemy line in 
Xi^ through x, and vice versa. 

Proof. We show that H^, C D";^,. We fix x G H^, and let / C be a 
Ptolemy line through oj' . There is 2; G / closest to x among all the points 
of I. By Proposition 18.21 there is an isometry ip : X^^ — )• Xi_j with ip{x) = x 
that fiips / at oj'. Then z' = (p{z) G I is also closest to x. By convexity 
of the distance function from x along I, the segment zz' C / consists of 
points closest to x. However, oj' G zz'. Hence H^, C D^,. By duality, 
D^,Uuj = H^' U oj'. Thus H^,Lioj C H^' U ui' . Interchanging uj with uj', we 
obtain H'^,Uuj = H'^'uuj' = D'^,Uuj, i.e. H'^, = D^, and X is self-dual. □ 

UJ UJ UJ ' UJ UJ ' 

We put F = F U OJ for every fiber F of vr,^. Then F is a compact subset 
of X called a C-circle. Since F is homeomorphic to ffi, F is homeomorphic 
to . It follows from Lemma 15.21 that the collection of all the C-circles in 
X is invariant under any Mobius automorphism of X. 

Lemma 8.5. For every C-circle F C X and every point oj € F, the set 
F = F\oj is a fiber of the fihration tt^ : X^ — t- B^ . 

Proof. We have F = F' U oj' for some oj' ^ X, where F' is a fiber of the 
fibration t[^i : X^/ — B^^'. We suppose that oj' ^ oj since otherwise the 
assertion is trivial. Then oj G F' and F' = . By self-duality, see Corol- 
lary [831 H^' = D^'- Using duality we obtain F = F' U uj' = H^^, U uj. Thus 
F = F \ oj = H^, is the fiber of tt^ through oj' . □ 
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Corollary 8.6. In addition to (Ic) and (2c), see Theorem \4-5\ the space 
X has the following basic properties 

(3c) through any two distinct points in X there is a unique C-circle; 

(Ac) any C-circle and any Ptolemy circle in X have at most two points in 
common. 

Proof. (3c)- Given distinct oj, uj' G X, let F C Xi^ be the fiber of tt^^ : X^ — )• 
B^^ througli uj' . Tlien F = FUu \s a, C-circle through uj, uj' . By Lemma [831 
F' = F\uj' \s the fiber of tt^/ : X^^t — )> B^i through uj. Since the fibers of 
T^u)i T^ui' through given points are uniquely determined, it follows that F is a 
unique C-circle through uj, uj'. 

(4c). Let Lo S F f] a he a common point of a C-circle F C X and a 
Ptolemy circle a C X. Then I = a \ uj C X^^ is a Ptolemy line, and by 
Lemma 18.51 F = F \ uj is a fiber of tt^^ : X^ — )■ . It follows from the 
definition of fibers of tt^^ and Lemma 14.211 that F and I have at most one 
point in common. Hence, the claim. □ 

8.3 Both foliations of semi-C-planes are equidistant 

We already know that the foliation of a semi-C-plane M C Xi^ by C-lines 
is equidistant. Now, Ptolemy lines I, I' in M are called equidistant if the 
distance between x = iDF and x' = I'CiF is independent of a C-line F C M. 

Lemma 8.7. All the Ptolemy lines in every semi-C-plane M <Z X are 
pairwise equidistant. 

Proof. Let /, /' C M be Ptolemy lines, c, c' : M ^ M unit speed parameter- 
izations of /, /' respectively with c(0), c'(0) € F, where F C M is a C-line. 
We assume using equidistant property of C-lines that c, c' are compatible in 
the sense that the points c{t), c'{t) lie in one and the same C-line Ft G M 
for every t G M. We put fj.{t) = \c{t)c'{t)\. By self-duality, c'(t) is a closest to 
c(t) point on and vice versa, c{t) is a closest to c'(t) point on / for every 
t G M. Thus \c{t)c'{t')\, \c'{t)c{t')\ > max{^(t), /i(t')} for each t, t' G M. Ap- 
plying the Ptolemy inequality to the quadruple {c{t),c{t'),c'{t'),c'{t)), we 
obtain 

max{^(t),^(t')}^ < \c{t)c'{t')\\c'{t)c{t')\ < fi{t)fi{t') + (t - t'f. 

We show that /u(a) = /u(0) for every a G M. Assume W.L.G. that a > 
and put m = 1/ mino<s<a /^(•s). Then |/i(t) — fJ-{t')\ < m{t — t')'^ for each 
0<t,t'<a. Now 

H{a) - 1^(0) = ^(s) - fi{0) + fi{2s) - fi{s) + ■■■ + fi{a) - fi{{k - l)s), 

where s = a/k for A; G N. It follows \fi{a) — /u(0)| < mks^ = mo? /k — )■ as 
/c — )• oo. Hence, //(a) = /^(O). □ 
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Lemma 8.8. For any x,y G F, x',y' £ F' , where F, F' are C-lines in a 
semi-C-plane M, such that x,x' £ I, y,y' £ I', where I, I' <Z M are Ptolemy 
lines, we have \xy\ = \x'y'\ =: a, \xx'\ = \yy'\ =: b, \xy'\ = \x'y\ =: c, and 

Proof. We have \xx'\ = \yy'\ because C-lines in M are equidistant, and 
= \x'y'\ because Ptolemy lines in M are also equidistant. By Proposi- 
tion [821 there exists a flip (/? : M — )• M that permutes x, y and x' , y' re- 
spectively, '^{x) = x', v'(y) = y' ■ Thus \xy'\ = \x'y\. Applying the Ptolemy 
inequality, we obtain < -|- 6^. □ 

For any two fibers F^, Fy of vr^, by (Ic) and Lemma W7\ we have the 
canonically determined isometry : F5 — Fy ■ 

Lemma 8.9. The isometries fibb' '■ Ff, — t- Fy depend continuously of b, 
b' £ B^, that is, for bi — b' and for any x £ Ft,, we have ^ibb^x) — )■ fibb'{x)- 

Proof. If a sequence of geodesic segments in a metric space pointwise con- 
verges, then the limit is also a geodesic segment. Together with uniqueness 
of Ptolemy lines in and compactness of X, this implies the claim. □ 

Now, we fix an order of -Ff, and define the order of Fy via the isometry 
^ibb'- This gives a simultaneously determined order O on all the fibers of vr. 

Lemma 8.10. The order O is well defined and independent of the choice of 
b£B^. 

Proof. The base is contractible. Using Lemma [8. 91 we see that the order 
of Fyi induced by Hbb" coincides with the order induced by fiyb" ° fJ-bb' for 
each b' , b" £ B^. Hence, the claim. □ 

Let Guj be the group of all Mobius automorphisms of X fixing uj and 
preserving the order O. Every ip £ G^j acts on Xi^ as a homothety. By 
Corollary 15.221 we have a homomorphism vr^, of G^j into the group of homo- 
theties of B^^. We denote H = 7r*(G(^). 

9 Isometry group of 

Fix oj £ X and a metric from the Mobius structure of X such that uj is the 
infinitely remote point. Recall that C AutX is the group of shifts of 
X^, see sect. 17.11 

Lemma 9.1. Every shift r] £ N^^ preserves the order O on C-lines in Xi^. 

Proof. Let : X ^ X he a space inversion that permutes w, oj' £ X. 
By Corollarv I8.6r 3(r). ip preserves the (unique) C-circle F through uj, uj' , 
ip{F) = F. Since (p has no fixed point, 99 also preserves orientations of 
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F. Let 7 : — t- be a pure homothety with 7(0;') = uj' . Recall that 
^ = ip' o Lp for some space inversions which both permute a;, a;'. It 

follows that 7(-F) = -F and 7 preserves the order O of the C-line F = F\u} 
through uj'. 

By Lemma 14.151 7 preserves every foliation of X^^ by Busemann parallel 
Ptolemy lines, thus 'y{F') is a C-line for every C-line F' C X^^. Now, by 
continuity 7 preserves the order O on C-lines in X^^. Then it follows from 
the definition of shifts that every shift rj : X^ — )• X^^ preserves the order 
O. □ 

Lemma 9.2. Given a Ptolemy line I C Xi^, x, x' G /, the shift r] : X^ — t- X^^ 
with r]{x) = x' preserves every Ptolemy line I' C M, rj(l') = I' , where 
M C X^^ is the semi-C-plane containing I. In particular, every isometry 
fihb' '■ Fb — ^ Fb' between C-lines Ff,, Fy C extends to shift rj : X^ — )• X^. 

Proof. Let F, F' C X^ be the C-lines through x, x' respectively. Then F, 
F' C M. We put y = I' n F, y' = I' n F' and note that \xy\ = \x'y'\ by 
Lemma 18.71 

We have r]{M) = M, thus rj^l') C M. By Lemma 19.11 r/ preserves the 
order O, thus r]{y) = y' and y' G r}{l'). Since the Ptolemy line in M through 
y' is unique, we obtain rj{l') = I' . □ 



9.1 Isometries of C-lines 

A shift rj : X^ — )• X^ is said to be vertical if it induces the identity of the 
base B^, 7r*(r?) = id. 

Proposition 9.3. The displacement function of every vertical shift r] : 
X^ —7- X^ is constant. 

Let T C i?aj be a pointed oriented triangle, i.e., we assume that an 
orientation and a vertex o of T are fixed. Then T determines a map tt : 
F ^ F, where F C X^^ is the fiber of vr^^ over o, F = vrj-'^(o). Given x ^ F, 
we lift to Xi^ the sides of T in the cyclic order according to the orientation 
and starting with o which is initially lifted to x. Then tt{x) G F is the 
resulting lift of the triangle sides. 

Lemma 9.4. The map tt : F ^ F is an isometry that preserves the order 
and has the constant displacement function. 

Proof. The map tt is obtained as a composition of three C-line isometries 
of type Hbb', see sect. 18.31 Any isometry ^^f,/ preserves the order O, see 
Lemma I8.1UI Thus tt : F ^ F is an isometry preserving the order. 

Given x, x' G F, we let y = tt{x), y' = tt{x'). There is a shift : 
Xi^ — )■ X^ with r]{x) = x' . By Lemma [5. 171 is vertical, and by Lemma l9.ll 
it preserves the order O. Thus r] preserves F, every semi-C-plane M C X^ 
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and maps isometrically every Ptolemy line Z C M to an equidistant Ptolemy 
line I' <Z M. Then it follows from definition of tt that r]{y) = y' . Therefore 
\x'y'\ = \xy\, and the displacement function of tt is constant. □ 

Lemma 9.5. For every b G B^^ there is a pointed oriented triangle T C B^, 
for which the map tt : F ^ F , F = 'K~^{h), is not identical. 

Proof. By Corollary 17. 6|, the canonical distribution T> on X^^ is not inte- 
grable. This means that there are o £ X^^, o' , x £ Do such that x Dqi. 
Then the points b' = 7^u}{o), t^uj{o'), 'Ku]{x) G B^^ are vertices of a pointed 
oriented triangle T' for which the map Trpi : F' ^ F' is not identical, where 
F' = vrj^(6'). There is a shift r] : X^ ^ X^ with r]{F') = F. The shift 
rj induces a shift '/r*(r/) : B^ — B^^ of the base. Then T = 'K^{ri){T') is a 
required triangle in B^. □ 

Proof of Proposition \y.S[ We fix a C-line F C X^ and first show that the 
displacement function of r] is constant along F. 

Let A(T) be the perimeter of a pointed oriented triangle T C B^ with 
the base point b = ■Ki^{F). By triangle inequality, we have |j;tt(x)| < A(T) 
for every x £ F. Note that = Trpk for every A; G Z, where T*^ means 
that the triangle T is passed around |A;| times in the direction prescribed 
by the sign of k. Thus the displacement function of is also constant by 
Lemma 19.41 

Using Lemma [931 and applying appropriate homotheties of X^^, we can 
find a pointed oriented triangle T with the base point b, arbitrarily small 
perimeter and non-identical isometry tt '■ F ^ F. By construction, tt is a 
composition of three isometrics of type ^bb' '■ Fb — ^ Fb' ■ Then by Lemma [921 
Tt extends to an isometry from the group N,^, which is a vertical shift. We 
use the same notation tt for this extension, tt '■ X^^ — )• X^. 

Given x G F, there is a sequence Tj of pointed oriented triangles with 
the base point b and A(Tj) — t- 0, and a sequence ki £ Z such that rj(x) = 
T^X^) ~^ r]{x). Then Tj : X^^ — X^^ subconverges to a vertical shift 
T : Xi^ — )■ Xi^ with t{x) = 7]{x) that preserves the order and has the con- 
stant displacement along F. Using Lemma [THI we conclude that rj = t has 
constant displacement along F. 

Now, the displacement of rj is constant because rj preserves every C-line 
in Xi^ and Ptolemy lines in semi-C-planes are equidistant by Lemma [8.7l □ 

9.2 Existence of an unclosed parallelogram 

Let P C Bi^ be a pointed oriented parallelogram, i.e., we assume that an 
orientation and a vertex o of P are fixed. Similarly to the map tt discussed 
in sect. 19. H we have a map Tp : F ^ F, where F C X^^ is the fiber of vr 
over o, F = tt~^{o). Namely, given x £ F, we lift the sides of P to X^ 
in the cyclic order according the orientation and starting with o which is 
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initially lifted to x. Then Tp{x) G F is the resulting lift of the parallelogram 
sides. We say that an pointed oriented parallelogram P C B^^ is closed, if 
the map rp : F — )• F is identical, rp = idp. This property depends of the 
choice neither of the base vertex nor of the orientation of P. Thus we can 
speak about closed or unclosed parallelograms as well as closed or unclosed 
triangles in 5^^. By Lemma 19.51 there exists an unclosed triangle. 
We need the following fact. 

Lemma 9.6. Let G he a closed subgroup of the orthogonal group 0(n), 
n > 2, which acts transitively on the sphere 5""^ C M". Then for any 2- 
dimensional subspace L C there is g £ G such that g{v) = —v for every 
V £ L. 

Proof. A list of all compact connected Lie groups acting transitively and 
effectively on the sphere S""^ is obtained in [MS] . |Borj . It consists of 
SO{n), U{m), SU{m) with n = 2m, Sp{m)Sp{l), Sp{m)U{\), Sp{m) with 
n = 4m, G2 with n = 7, Spin(7) with n = 8, Spin(9) with n = 16, see [Best 
sect. 7.13]. The required property is obvious for SO{n). The groups U{m), 
SU{m) with n = 2m include the element — id. This is also true for Sp{m) 
with n = 4m and Spin(7), Spin(9). 

The group G2 is the automorphism group of the octonions O which 
acts on imaginary octonions ImO = M'' in a way that any basic triple ei, 
62, 63 E ImO is moved to any other basic triple by uniquely determined 
automorphism g £ G2, see |Baj . Here ei can be chosen arbitrarily with 
el = —1, 62 with 62 = —1 anticommutes with ei, 6162 = —6261, and 63 
with 63 = —1 anticommutes with ei, 62 and 6162. We can take basic triples 
(ei, 62, 63) and (e'^, 62, 63) so that ei, 62 S LnS^ C ImO, e'^ = — ei, 62 = —62, 
63 = 63 and put ^(ei) = e'^, (7(62) = 62, (7(63) = 63. This defines a required 
g £ G2 with g\L = — idL- Q 

Lemma 9.7. There exists a unclosed parallelogram in B^^. 

Proof. Using property (E2) and argue as in the proof of Proposition 18. 2^ 
one shows that the stabilizer of any o £ in the isometry group of X^^ 
preserving the order acts transitively on the set of the directed Ptolemy lines 
through o. Let T C B^^ be an unclosed triangle. By Lemma 19.61 there is an 
isometry g : — X^ preserving the order such that g = vr* {'g) : B^ — B^^ 
is the central symmetry of the plane L C B^^ containing T with respect to 
the midpoint o of some side of T. 

Let 6 be a common vertex of the triangles T, g{T) and the parallelogram 
P = T L) g{T), F = Fh C X^ the fiber of vr^j over h. The isometrics tt and 
Tg{T) of F coincide, Tg(7-) = ry, because the isometry 'g : X^ — )• preserves 
the order. Then one easily sees that the isometry rp : F ^ F satisfies 
Tp = idp. Therefore, the parallelogram P is unclosed. □ 



54 



9.3 The maximal unipotent subgroup 

Recall that the group N^^ of the shifts — )• acts on X^ simply transi- 
tively (Lemma 17. ip and that the subgroup Z^^ C N^^ of vertical shifts acts 
simply transitively of every C-line F C X^^ (Proposition I7.4( ). In context of 
rank one symmetric spaces Y = ICH" of noncompact type the group A/^ is 
called a maximal unipotent subgroup of the isometry group of the space Y. 
We have [N^^, N^^] C Z^^ because any two shifts of the base commute. 

Lemma 9.8. The group Zi^ lies in the center of Ni^. 

Proof. By Proposition 19.31 the displacement function 5^ of Q is constant for 
every Q ^ Z^^. Thus for every a G A''^^, x G X^, we have 5(^{x) = (5(^(q(x)). 
The points x, a{x), C,(^{x), aC,{x) lie in one and the same semi-C-plane, thus 
C,a{x) = aC,{x). It follows that [C, a] = idx^^, i.e., C lies in the center of 
N^. □ 

Lemma 9.9. Given a > and a Ptolemy line I C X^, there are a, /3 £ N^^ 
such that a{l) = I and the displacement of j = [a, f3] equals a. 

Proof. By Lemma [9.7l there is an unclosed parallelogram P C Bi^. Applying 
an appropriate homothety ip : X^^ — > X,^ if necessary, we can assume that 
the Ptolemy line / C X^^ projects down to the line tTi^{1) C B^^ that contains 
a side b"b C P, and the displacement of rp : -F —)■ F is a, \xTp{x)\ = a 
for every x £ F, where F C X^^ is the fiber of tTi_j over a vertex of P, cp. 
Lemma 19.41 

Let 6' G P be the vertex adjacent to b" and opposite to b. We consider 
the Ptolemy line C X^ through = 10 Ff,'/ that project down to the line 
TT^C) C i?aj containing the side b"b' of P. There are shifts a, (3 £ N^, which 
leave invariant the Ptolemy lines /' respectively, such that 7r*(Q)(6") = b, 

7,,{P){b") = b'. 

Since the parallelogram P is unclosed, we have a/3 ^ f3a, and 5-y{o) = a, 
where 5-y : X^ — )• M is the displacement of 7 = [«,/?]. By Proposition 19.31 
the displacement 5-y is constant, thus 5,y{x) = a for every x G X^^. □ 

Proposition 9.10. The group N^^ is nilpotent and the group Z^ is the center 
ofN^. Moreover Z^ = [N^,N^]. 

Proof. Assume a' G commutes with every f3 G A'^. We show that 
a' £ Zi^. Together with Lemma 19.81 this implies that Zi^ is the center of A?^ . 

Composing a' with an appropriate v £ Zi^ if necessary, we can assume 
that a'{l) = I for some Ptolemy line I C X^. It suffices to show that a'{o) = o 
for some o £ I. By Lemma l9.9|, there are q, /3 G N^^ such that a{l) = I and 
the displacement 5^ = a for a given a > 0, where 7 = [a,/3]. Suppose 
that |oa'(o)| 7^ 0. Conjugating a' by an appropriate pure homothety of 
Xi^ preserving o, we can assume that |oa(o)| = |oq'(o)|. Replacing a' with 
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{a')~^ if necessary, we can also assume a'(o) = a(o). Then a' = a. But this 
contradicts the assumption that a' commutes with every /3 G N^^. Hence 
a'(o) = o. 

Let a > be the displacement of some G Z^^, C 7^ id. Again by 
Lemma 19.91 there are a, f3 £ N^^ such that the displacement of 7 = [a, f3] 
equals a. Then ( coincides with 7 or 7"^. Thus = [N^,Ni^]. □ 

10 Area law of lifting and metrics of C-lines 
10.1 Lifting of polygons 

Let P C Bi^ be an oriented parallelogram. Fixing a vertex 6 G P, we obtain 
a preserving the order isometry tb '■ F ^ F, where F C is the fiber of 
TTu} '■ — )■ B over b, see sect. 19.21 It is convenient to associate with P an 
extension of rp to which is defined as Tp{x) = i^{x) for every x £ X^, 
where v : X^^ — )• X^^ is a vertical shift, it^{i') = id^^, while restricted to F 
coincides with rp. The isometry v exists by Lemma [9.21 and it is unique by 
Lemma l7.ll We use the same notation for the extension rp : X^^ — t- Xi^ and 
call it a lifting isometry. 

Furthermore, for every isometry cp G G^j (recall that such an isometry 
preserves u and the order O) we have according to Proposition l9.3| rp/ = rp, 
where P' = Tr^{ip){P). In particular, the map rp is not changed if we replace 
the parallelogram P by any its shifted copy P' C B. 

The vertical shift rp : — )• lies in the group Z^^, see sect. 19.31 for 
every parallelogram P C -B^j. Since Z^^ is commutative, we have rp o rp' = 
Tp' o Tp for any parallelograms and even for any closed oriented polygons P, 
P' C B^. 

Let Q C B^ be a closed, oriented polygon. Adding a segment qq' C B^^ 
between points q, q' £ Q we obtain closed, oriented polygons P, P' such that 
Q U qq' = PL) P' , the orientations of P, P' coincide with that of Q along Q, 
and the segment qq' = P Ci P' receives from P, P' opposite orientations. In 
this case we use notation Q = P U P' . 

Lemma 10.1. In the notation above we have tq = rp/ o rp. 

Proof. We fix g G QOPCiP' as the base point. Moving from q along Q in the 
direction prescribed by the orientation of Q, we also move along one of P, 
P' according to the induced orientation. We assume W.L.G. that this is the 
polygon P. In that way, we first lift P to X^^ starting with some point o £ F, 
where F is the fiber of the projection tt^ : X^^ — B^^ over g, such that the 
side q'q C P is the last one while lifting P. Now, we lift P' to starting 
with 0' = Tp{o) G F moving first along the side qq' C P' . Then clearly the 
resulting lift of P' gives tq{o) = Tp'{o') G F. Thus tq = Tpi o Tp. □ 
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10.2 Area law of lifting 

Let Pq C be a parallelogram. Applying if necessary a homothety from 
the group H = 7r^,(Gaj), we assume W.L.G. that areaPo = 1- Furthermore, 
cutting Pq by a line in the plane of Pq and gluing back the obtained pieces 
shifted appropriately, one easily transforms Pq to a rectangle Pi, which 
therefore satisfies rp^ = rpp by Lemma llO.ll 

Let L C Poj be the 2-dimensional subspace containing Pi. We fix two 
mutually orthogonal directions in L such that the sides of Pi are parallel 
to them, and call one of them the horizontal direction and the other one 
vertical direction. 

We denote by S{P) the displacement of any parallelogram P C P^j) 
6{P) = \xTp{x)\ for every x G X^, see Proposition 19.31 and put cq := 
5(Po) = <5(Pi) > 0. 

We denote by Vi the class of all the rectangles in L of area 1 with 
horizontal and vertical sides such that 6{P) = cq for every P G Pi. We 
write this equality as 

5(P)2 = eg • areaP (10) 

and call cq the lifting constant of the class Pi. Equality (|lUp is called the 
area law of lifting. Note that Pi G Pi . 

Lemma 10.2. The class Vi is closed under the following operations with 
rectangles: 

(a) a shift in L; 

(h) cutting by finitely many parallel horizontal or vertical lines and gluing 
hack the shifted pieces; 

(c) taking the limit of a convergent sequence of rectangles. 

Proof. Operation (a) preserves the class Pi because every shift 7 : B^^ — )• 
B^ is of the form 7 = ^y^:{C,), where C, : — )■ X^ is a shift, and thus 
Tp = T^(p) for every parallelogram P C B^. Using Lemma flO.H we see that 
operation (b) preserves the class Pi. Operation (c) preserves the class Pi 
because the map Tp : X^ — )• X^ depends continuously on P. □ 

Lemma 10.3. The class Pi includes a unit square Qq C L. 

Proof. Given a rectangle P <Z L with horizontal and vertical sides, and 
integer m, n > 1, we construct a new rectangle P' G L using operation (b) 
as follows. First, we subdivide P into m pairwise congruent rectangles 
cutting it by (m — 1) horizontal lines and gluing back the shifted pieces 
into a horizontal row. Second, we subdivide the obtained rectangle P into n 
pairwise congruent rectangles cutting P by (n — 1) vertical lines and gluing 
back the shifted pieces into a vertical column. This gives the resulting 
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rectangle P' =: ^'m,„(P). Note that if P G Pi, then ^m,„(P) G Pi for each 
integer m, n > 1 by Lemma 110.21 Furthermore, if a = a(P) is the length of 
the horizontal sides of P and b = h{P) is the length of the vertical sides of 
P, then 

a' = a{P') = -a, b' = b{P) = -b. 

n m 

Assume W.L.G. that a < b. Then there are integer m > n > 1 such that 

1 / b\ m2 b 
1 + - <^< 



2 V a J "n? a 

Thus 

b' b b 
1< <A-<-, 
a' a a 

where A~-^ = ^(1 + ^) > 1. This generates a sequence of rectangles Pj 
Pj+i = ^rni,ni{Pi)- By the choice of mj, this sequence cannot have 
accumulation points different from Qq, thus Pi ^ Qq. Therefore Qq £ Pi 
by operation (c). □ 



Corollary 10.4. Every rectangle P <Z L of area 1 with horizontal and ver- 
tical sides is in the class Pi , P E Pi . 

Proof. According to Lemma [10.2| it suffices to show that P can be obtained 
from Qo by operations (a)-(c). By the proof of Lemma 110.31 there is a 
sequence of integer pairs (mj,nj) such that the sequence of rectangles Pi, 
where Pi = P, Pj+i = ^i{Pi) and ^i = ^mi,ni, converges to Qq, Pi 
Qq. For every integer i > 1 we inductively define a rectangle Qi such that 
Qi = <PiiQi-i), where = (^-^ o • • • o ^i)-i. Since $,"^(P) = Pi ^ Qo, we 
have Qi — )• P. Furthermore, Qi G Pi for every i > 1 because Qo £ 'Pi by 
Lemma 110.31 Therefore P G Pi. □ 



We denote with P the class of all the rectangles P C L with horizontal 
and vertical sides that satisfy the area law of lifting, S{P)'^ = Cg • areaP, 
with the lifting constant cq. 

Proposition 10.5. Every rectangle P C L with horizontal and vertical sides 
is in the class P. 

Proof. By property (H) and Lemma 14.151 for every o G X^^ and every A > 
there is a pure homothety hx : — )• with h\{o) = o and with 
coefficient A. Then h\ preserves every foliation of X^^ by Busemann parallel 
Ptolemy lines. Thus its projection to the base, hx = vr*(/i;v) : — B^, is 
a homothety with coefficient A that fixes o = tTi^{o), and hx{l) = I for every 
(geodesic) line / C B^^ through o. 
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We take o G X^^ with o £ L. Then hx preserves L and horizontal and 
vertical directions on it. Furthermore, for every P' = hx{P), P C L is a 
polygon, we have 5{P') = X6{P). Taking P £ Vi we obtain 

d{P'f = X^6{Pf = cl ■ areaP'. 

Thus P' G V. However, by Corollary 110.41 every rectangle P' C L with 
horizontal and vertical sides can be represented as P' = hx{P) for some 
P £Vi and some A > 0. □ 

10.3 Metrics on C-lines 

Recall that every C-line F C is a fiber of the projection tTi^ : X^^ — t- Bi^. 

Proposition 10.6. Given x, y, z £ F, y lies between x and z with respect 
to the order on a C-line F , we have 

I |2 I |2 , I |2 

\xz\ = \xy\ + \yz\ . 

Proof. By Lemma 19.71 there is an unclosed parallelogram P C . Thus by 
Proposition ll0.5l there is a two-dimensional subspace L C B^^ with horizontal 
and vertical directions satisfying the area law of lifting with a lifting constant 
Co > 0. W.L.G. we can assume that F = vrj^(o) for some point o £ L. By 
Proposition 110.51 for every a > a rectangle Pa C L with the horizontal 
sides of length 1 and the vertical sides of length a belongs to the class V, 
S{Pa)'^ = Cq ■ a. We put a = \xy\'^/cQ, b = \yz\'^/cQ and represent the 
rectangle Pa+b as the union of Pa and Pf, with a common horizontal side. 
Then rp^^^ = Tp^ o rp^ by Lemma flO.ll Since 5 [Pa] = CQ^/a = \xy\, we have 
Tp^{x) = y and similarly Tp^{y) = z. Therefore Tp^^^(x) = z, and we obtain 

|xz|2 = 6{Pa+bf = clia + b) = 6{Paf + 6{Pbf = \xy\^ + \yz\\ 

□ 

11 Canonical complex structure on the base 

In this section we show that the base B^^ possesses a complex structure 
uniquely determined by the geometry of the space X^^ . This complex struc- 
ture is said to be canonical. 

11.1 Functional 

We fix a base point a £ B^ and regard B^^ as an Euclidean vector space 
identifying u £ B^^ with the vector oti. Given a unit vector u £ B^^, \u\ := 
\ou\ = 1, we let u"*" C Bi^ be the orthogonal complement to u. For every 
vector V £ u-^ we denote with uAvC B^ the oriented rectangle spanned by 
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n, V, and with t^av ■ — X^^ the respective hfting isometry, see sect. 110. ll 
We define the sign of v with respect to u as 



sign„(w) = < 



X<TuAvix) 
0, X = TuAv{x) 

(x) < X 



for some and hence any x G X^. Now, we define a function : it-*- — )• M by 

^u{v) = sign„(u) • 6{u A vf, 

where 5{u A v) is the displacement of Tuav, ^{u A v) = \xTuAvix)\ for some 
and hence any x G X^^. 

The following lemma will be used in the proof of additivity of S^u- 

Lemma 11.1. Let P = xyzu, Q = xyz'u' , Q' = u'z'zu be oriented rectan- 
gles in such that z'u' = QoQ' is the common side of Q and Q' . Then for 
the closed oriented polygon QU Q' = xyz'zuu'x C B^^ the lifting isometrics 
Tp, TQuQ : X^ X^ coincide, tp = tquq- 

Proof. The lifting isometries Tp and tq^q' differ by lifting isometrics ta, 
TA', 

where A = uxu' , A' = zz'y. However, the triangle A' is a shifted copy of the 
triangle A, and A, A' enter the formula above with opposite orientations. 
Thus their contributions cancel out, and we have Tp = tquq. □ 

Proposition 11.2. The function : tt-*- — >• M is a nonzero linear functional 
for every unit vector u S B^^ . 

Proof. First, we show that is additive, iu{v + v') = £,u{y) + £,uW) ^) 
v' G n-*-. We denote w = v-\-v' . It follows from Lemma [11.11 and Lemma [10. II 
that TuAw = TuAv' ° TuAv We fix a fiber F C X^^, a point x £ F, and assume 
W.L.G. that x < TuAwi^) (this assumption depends neither on F nor on 
x e F). If X < TuAvix) < TuAwix), then sign„(w;) = sign„(i;) = sign„(7;') = 1 
by definition and 6{uAw)'^ = 6{uAv)'^+6{uAv')'^ by Proposition [1021 In the 
opposite case we have W.L.G. that T^Av'ix) < x < Tuaw{x) < Tuav{x) and 
thus sign^{w) = sign„(7;) = — sign„(u'), 5{u A w)^ = 6{u A v)"^ — 5{u A v')"^. 
In both cases this gives Cu{w) = Cu{v) + Cuiv'). 

Next, we show that is homogeneous. We have sign^(At') = sign(A) • 
sign„(t;) for each G u^, A G M, because the orientation of the rectangle 
u A (Xv) depends on the sign of A. Thus using the area law of lifting, which 
holds by Proposition llO.Sl in the plane L spanned by u, v, with some constant 
Co > 0, we have 

CuiXv) = sign(A)sign„(t!)co|A||?;| = A sign„(t!)co|t;| = X^u{v) 
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for every v £ u and every A G M. Thus ^„ : n — t- R is linear. 

Finally, there are unclosed rectangles in i?^ and the subgroup of isome- 
trics in H = 7r^,(Gaj) preserving o acts transitively on the unit sphere S{o). 
Then there is a unit vector v £ such that sign„(f ) = 1. Thus / 0. □ 

We put c = supq 5{Q), where the supremum is taken over all the unit 
squares Q G B, and call c the lifting constant of B. 

Lemma 11.3. For every unit vector u G Bi_j the norm of the linear func- 
tional : u"*" — )• R is \£,u\ = (? ■ 

Proof. By Proposition lll.2^ ^ 0. Thus there is a unique unit vector 
u G U"*- with iu{v) = \^u\ < ■ 

The lifting constant c can be computed by taking the supremum supg 5{Q) 
over the compact set of all unit squares Q C B^ having the base point o 
as a vertex. By continuity of the lift Q ^ tq, there is a unit square Qq 
with 5{Qq) = c. Applying to Qo an isometry of type 7r*((^) : B^ — )• B^^ if 
necessary, we can assume that Qq = u /\ v' , where v' G u"*-, sign„(w') = 1. 
Then ^u(f') = c^. It fohows that v' = v and \^u\ = ■ □ 

11.2 Complex structure on the base 

By Lemma 111.31 foi' every unit vector u G B^^ there is a unique f G U"*- , 
1^1 = 1, signu(t;) = 1, such that ^u{v) = c^- This define a map J : S{o) — )• 
S'(o), J(n) = V, where S{o) C B^ is the unit sphere centered at o. We put 
J(o) = o and extend J on i? by homogeneity, J{u) = \u\J{u/\u\) for every 
u G -Btj. 

Lemma 11.4. Let h : S{o) — )• 5'(o) 6e a map commuting with a subgroup 
G C 0{k), k = dimi?(j, acting transitively on S{o) (we do not require that 
h is an isometry). Then the displacement of h is constant. 

Proof. Given x, y £ S{o), there is g £ G with g{x) = y. Then \yh{y)\ = 
\g{x)h{g(x))\ = \g{x)g{h{x))\ = \xh{x)\. □ 

Proposition 11.5. The map J : B^^ — t- B^^ is a complex structure on B^, 
that is, J is a linear isometry with = — id. Moreover, every Mobius 
automorphism ip : — t- Xi^ respecting the order of the C-lines in X^ 
preserves J, TT^{ip) o J = J o 7r*((/3). 

Proof. For u G S{o) let Ku C be the kernel of = ker^„. By 

definition, v = J{u) = grad^^/l grad^^l) thus Ku C n-*- r\v^. Since 
dimKu = dimu"*- — 1 = dim(n-'- n v^), we have Ku = Cw^ = Ku, 
that is, the kernel Ku is invariant under J, J{Ku) = Ku = Ku- Further- 
more, sign„(n) = — sign„(t') because the rectangles u /\v and v /\u have 
opposite orientations. We conclude that J{v) = —u, i.e., = — id. 
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Let ip : —7- be a Mobius automorphism that respects the order 

of the C-hnes in X^. Recall that then is a homothety, because 99 
preserves the infinitely remote point cj. Applying if necessary a shift, we can 
assume W.L.G. that the homothety = 7r^,((^) : B^^ — )■ B^^ also preserves 
the base point o, ^(o) = o. Given u, v ^ S{o), w G n-*-, we denote by 
u', v' G 5(0) the unit vectors u' = Tp{u)/\Tp{u)\, v' = 'ip{v) /\'ip{v)\. Then 
v' G n'-*-. Furthermore, for the displacements 5{u A f), A v') we have 

• • 5{u' A v') = 6{lf{u) A ip{v)) = \'^S{u A v), 

where A > is the homothety coefficient of ip, the first equality follows 
from Proposition 110.51 and the second one follows from the fact that the 
homothety Tp : B^ — )• is the projection of the homothety p : — )• X^. 
Thus 6{u' A v') = 5{u A v). Since p preserves the order O of the C-lines 
in X^, we have sign„/(i;') = sign„(f) and thus £,u'{v') = £,u{v)- It follows 
Tp{Ku) = Ku'- This means that Tp o J{u) = XJ{u'), and we obtain 

J o Tp^u) = J(An') = A J(n') = lp o J{u), 

that is, J is preserved by any Mobius automorphism ip : X^^ — )• X^. 

It remains to show that J : B^ — )• B^ is a linear isometry. For every 
u G 5'(o), the 2-dimensional subspace L„ C -B^^ spanned by u, J(m), as well 
as its orthogonal complement = C -B(^, is J-invariant, J{Lu) = Ly,, 
J{L^) = L^- By induction over the dimension of B^^, we construct an 
orthonormal basic h = . . . ,UkiVk} of S^, where ui = u, Vi = J{ui), 

1 = 1, . . . ,k. In particular, the dimension of B^^ is even, dimB = 2m. Now, 
we define a linear map Jq : -Boj — -Bo; by Jo{ui) = Uj, Jo(fi) = — t^i for 
i = 1, . . . , fc, that is, Jo coincides with J on the basis h. 

Let G be a subgroup of isometrics of type Tp = 7r*((/9) : B^ — )• iJ^j, 
^(o) = o, where : — )• X^^^ is a Mobius automorphism that respects the 
order O of the C-lines in X^. Since Jq coincides with J on the complex 
lines spanned by ttj, Uj, i = 1, . . . , A;, and J commutes with every Tp £ G, we 
obtain that the isometry 

g = Tpo Jqo Tp-'^ o Jq"1 : ^ B^ 

is identical on every complex line above. These complex lines span B^^, thus 
g = id for every Tp £ G, that is, the group G centralizes Jq. By property 
(E2), G acts transitively on S{o). 

The map h = JoJ^^ : S{o) — )• S{o) commutes with every g £ G because 
J and Jo do. Then by Lemma lll.4l the displacement of h is constant. Since 
h{ui) = Ui for every i = 1, . . . , A:, we obtain h = id and J = Jq. □ 

Remark 11.6. A complex line in is a 2-dimensional subspace L invariant 
under J, J(L) = L. By definition of J, the lifting constant for L takes the 
maximal value over all 2-dimensional subspaces. 
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12 Coordinates in 

For a given w G X we fix as usual a metric from the Mobius structure 
with infinitely remote point uj. We also fix an order O on X^^, a base point 
o G and identify the base B^^ with Euclidean space M'^, /c = dimi?^^, 
with origin tt^{o). With jj. : X^^ — )• Fq we denote the projection onto the fiber 
= ^J^(^t<;(o)) of TTt^. It follows from Lemma [8^ that /u is continuous. We 
define the standard coordinates of every point x G as {z, h) G M*^ x M = 
M^'+i^ where z = -Kt^{x), h= 4 sign/i(x)|o/x(a;)p, 



sign^(x) 



+1 o < 

o = //(x) 

—1 /^(x) < o. 



The coefficient | in front of the expression for the coordinate h is introduced 
to provide the property that the standard generator c = [a, h] of the center 
of the classical Heisenberg group H = has coordinates c = (0, 1). 



12.1 Multiplication law in coordinates 

Since the group acts on simply transitively, see Lemma I7.H every 
isometry g G A'^ can be written as = {z,h), where {z,h) are the coordi- 
nates of g{o). 

Lemma 12.1. For g = {z,h), g' = (z',h') G we have 

g- g' = {z + z',h + h' + ho tt(o)), 

where T = ^{z A z') = 7r^{o)z{z + z') C B^^ is the oriented triangle, tt : 
—7- X^ the respective lifting isometry, see sect. \10.1\ 

Proof. The center of A'^^^ acts on by vertical shifts, and by Proposi- 
tion [JUS] we have g-g' = {Q,h + h') for g = (0, /i), g' = (0, h') G Z^. 

The group ir^XN^) = N^/Z^ acts on the base B^^ by shifts, and we have 
T^*{9) ■ Tr*ig') = z + z' iox g = {z, h), g' = {z' , h') G N. 

Let / C X^ be the Ptolemy line through o such that z : B^ — )• is 
the shift along the line TTio{l). There is an isometry g G A'^ which preserves 
/ and projects down to z = TT^{g). Then g = (^,0), and g = {z,h) can be 
written as {z, h) = {z, 0) • (0, /i) =g- (0, h). Similarly we have g' = {z' , h') = 
{z' , 0) • (0, h') = 'g' ■ (0, h'), and the isometry g' G A'^^^ preserves a line I' C 
through o. Then /" = g{l') is the Ptolemy line in Xi_j through g{o) = {z, 0) 
and g ■ g'{o). The z-coordinate of the point g ■ g'{o) is z -|- z' . 

Now, we compute the /i-coordinate of g ■ g'{o). Let z A z' C B^ be the 
oriented parallelogram spanned by z, z' , T = ^{z A z') the oriented triangle 
TT^{o)z{z + z'). Then fi{g ■ g'{o)) = tt{o). Thus g ■ g' = {z + z' , h o tt{o)), 
and we obtain g ■ g' = g ■ {0,h) -g' ■ (0, h') = {z + z',h + h' + ho tt{o)). □ 
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Lemma 12.2. For any triangle T = A z' C B^, we have 

hoTT{o) = —{J{z),z'), 
where c> is the lifting constant of . 

Proof. By Lemma llO.ll r^^^' = r^. Thus by Proposition 110.6] |orT(o)p = 
\6{z A z')^, where 5{z A z') is the displacement of the isometry Tz/\z'- By 
results of section 110.21 the lifting isometry Tz/\z' does not change when we 
replace the parallelogram z A z' by a rectangle of equal area that has a side 
of length one in the same 2-dimensional subspace. Thus we can assume that 
l^l = 1 and zA.z' . Since rr(o) G Fq, we have tt = tt and sign/i o tt = 
sign^{z'), see section[TTJ It follows that hoTT{o) = ^S,z{z'), where the linear 
functional : Z"*- — )• M is used in the definition of the complex structure J 
(for the definition of see sect. Ill.ip . 

By LemmalLSl \Cz\ = c^. Then Cz{z') = c^{J{z),z') and h o tt{o) = 

i{j{z),z'). □ 

12.2 The distance function D 

For two points x,y £ let and Fy be the C-lines through x, y, and let 
l^xy '■ Fx ^ Fy be the projection, see sect. 18.31 We denote with 

= |vr<^(2;)vr<^(y)|, \xy\^ = \f^xy{x)y\. 

Note that = Ixy]"^ because Ptolemy lines are equidistant on every 

semi-C-plane in Xi_j, see Lemma 18.71 

Lemma 12.3. There exists some function D : [0, oo) x [0, oo) — ?• [0, oo), 
such that for all u £ X and all x,y £ X^ 

\xy\ui = D{\xy\^, \xy\^)- 

Proof. To prove this, we have to show, that given triples of points u},x,y 
and uj',x',y' in X with \xy\^ = \x'y'\^, and {xy]"^ = \x'y'\'^, we have \xy\uj = 
\x'y'\uj'- 

We can assume that \xy\^ ^ 0, since otherwise the claim is trivial. Let 
z = fJ-xyix) and z' = fi^'y'ix'). By assumption \xz\^ = |x'z'|i^' / and 
\zy\uj = \z'y'\i^'. By (E2) there exists a Mobius map ip : X ^ X which maps 
— )• cj', X — )• x', 2; — )• z' because each triple of points {uj, x, z) and {uj' , x' , z') 
belongs to a respective Ptolemy circle in X. Note that (p : X^^ — )• X^^i is 
an isometry that maps the fibers F^, Fy = Fz to F^i, Fyi = Fz'. Then 
(f maps y either to y' or to y" £ Fy', the points symmetric to y' with 
\y"z'\u}' = \z'y'\u'- In the last case, applying an isometry of X^/ that order 
preserves the C-lines Fx', Fy' and maps y' to z', and Lemma 18.81 we have 
\xy\uj = \x'y"\i^' = \x'y'\i^i. This proves our claim. □ 
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Lemma 12.4. The distance function D is homogeneous, D(Xa, Xb) = XD{a, b) 
for every a, b > 0, X > 0. 

Proof. Let ipx : — )• be a homothety with coefficient A. Then for each 
X, x' G X^ we have \ipx{x)(px{x')\Z = A|xx'|5 and \^x{x)ipx{x')\'^ = X\xx'\^. 
Together with \(px{x)ipx{x')\ = A|xx'| this imphes the claim. □ 

12.3 Existence of a vertical flip 

Results of this section have important applications in sect. [T3j 

A vertical flip w.r.t. o € X^ is an isometry j : X^ — t- X^ that reverses 

the order O and preserves o, j(o) = o. In particular, j{F) = F for the C-line 

F through a and j\F reverses the order of F. 

Let J : — )• be the canonical complex structure on B^. The 

orthonormal basis b = {ui,vi, . . . , Uk,Vk}, where Vi = J{ui), i = 1, . . . ,k, is 

called a canonical basis of B^^ for the complex structure J. We define a linear 

map Conj : B^ — > B^^ by Conj(nj) = Uj, Conj(z;j) = —Vi for i = 1, . . . , A;. 

Then Conj is an isometry that anticommutes with J, Jo Conj = — Conj o J. 

In particular, we have 

(Jo Conj (z), Conj (z')> = -{J{z),z') (11) 

for each z, z' £ B^, where {z,z') is the inner product of z' of the Euclidean 
space B^^. 

Proposition 12.5. For every a € X^ and a Ptolemy line I C through a 
there exists a vertical flip of X^ with respect to a that fixes I pointwise. 

Proof. We introduce standard coordinates x = (z, h) in X^ with the origin 
o and take a canonical basis b = {tti, . . . , u^, f^} of the complex structure 
J such that the vector ui generates 1-dimensional subspace 7r^(/) C B^. Let 
Conj : B^^ — > B^^ be the conjugation isometry associated with b. We define 
j : X^ ^ X^ as 

j{x) =j{z,h) = (Conj(z),-/i). 

Then j{o) = o, j fixes / pointwise by the choice of 6, j{F) = F, where F 
is the C-line through o, and j\F reverses the order. We only have to show 
that j is an isometry. 

Recall that X^^ is identified with the group by x = g{o), x G Xi^, g E 
Ni^. For g G N^^, g = {z, h), we put \\g\\ := \og{o)\ = D{\z\,2^yJ^), where we 
used Lemma [12. 3 1 in the last equality. Since N^^ acts on Xi^ by isometrics, for 
X = g{o), x' = 9' jo) , we have |xx'| = \g{o)g'{o)\ = \og-^ ■ g'{o)\ = • g'\\. 
Using Lemma ll2.1l we obtain for g = {z, h), g' = {z' , h') 

g-^ ■ g' = (-Z, -h) ■ {z', h') = {z' - z,h' - h + h o tt{o)), 
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where T = \{—z A z') = 'n:{o){—z){z' — z) d is the oriented triangle. By 
Lemmadl^l ho Trio) = ^{J{-z),z') = -^{J{z),z'). Therefore 

\xx'\ = D (^\z - z'\,2\h - h' + j{J{z),z')\^/^^ . (12) 

Similarly for j{x) = (Conj(z), — /i), j{x') = {Coni{z'), —h') we have 

\j{x)jix')\ = II (Conj(z),-/i)-i • {Coni{z'),-h') \\ 

= II (Conj(z') — Conj(2:), h — h' + ho tt'{o)) ||, 

where T' = i(- Conj(z) A Conj(z')) = vr(o)(- Conj(z))(Conj(z' - z)) is the 

2 

oriented triangle in B^. Then h o tt'{o) = — ° Conj(z), Conj(z')) = 
y{J{z), z') by Equality pT]). Using that Conj : B^^ — is an isometry, 
we obtain 

\j{x)j{x')\ =d(\z- z'\,2\h -h' + ^{J{z), z')|V2' 



Comparing the formulae for the distances |xx'|, \j{x)j{x')\ we see that j is 
an isometry. □ 



13 Ptolemy circles in 

Here we study shape of Ptolemy circles in X^. Results of this section are 
used to compute the lifting constant c. 



13.1 Ptolemy circles meeting a C-line twice 

Let now uj £ X, and let F C be a C-line. With fi = fi^ : X^ — )• F we 
denote the projection onto F. 

Lemma 13.1. Let z £ F and assume fi{u) = z and fi{v) = z for u, v € Xi^ 
such that \uv\ = \uz\ + \zv\. Then u, v, z lie on a common Ptolemy line in 

Xui- 

Proof. We can assume that both u, v are not on F, since otherwise the 
claim is obvious. Let I be the Ptolemy line through z and and let I' 
be the Ptolemy line through z and v. Let c, c' : M — )■ X^ be unit speed 
parameterizations of such that c(0) = c'(0) = z, c(to) = u, for to = 
and c'(so) = v, for sq = — |^-z|- By assumption |c(to)c'(so)| = t^ — sq. For 
every A > there is a pure homothety ip\ : X^^ — )• X^, ^x{z) = z, with 
coefficient A. Then ipx o c{t) = c{Xt) for every t G M, and ipx o c'(s) = c'(As) 
for every s £ R. Thus |c(t)c'(s)| = t - s for all t > 0, s < 0. This 
implies b{c'{s)) = —s for all s < 0, where b : Xi^ — )• M is a Busemann 
function, associated with /, b{y) = limj_j.oo(|c(t)y| — |c(t)2;|), y G X^^. Thus 
b{c'{s)) = —s for all s E M, since b is affine. Therefore b o c' = boo. Then 
I' = lhy Lemma 14.111 □ 
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Lemma 13.2. Let a C X^^ he a M-circle intersecting the C-line F in two 
points X and y. Let u,v & a be points in different components of a \ {x,y} 
such that n{u) = fj,{v) = z €z F. Then the points u, z, v are contained in a 
Ptolemy line. 

Proof. Let / be the Ptolemy line through the points u and z = fj,{u). Con- 
sider the point v' on I with order v' < z < u such that \v'z\ = \vz\. We show 
that V = v' . By the Ptolemy equality on a we have 

where we use that the pair u, v £ a is separated by the pair x, y £ a. On 
the other hand, we have 

|v'?i||a;y| < |3;n||7/v'| + 

Note also that \vy\ = \v'y\,\vx\ = \v'x\ by Lemma 112.31 Then \v'u\ < \vu\. 
On the other hand, \vu\ < \v'u\ by definition of v' . Thus \vu\ = \v'u\ and 
v' = V hy Lemma ll3.ll □ 

Corollary 13.3. Let F C X^^ be a C-line, and a C X,^ a Ptolemy circle 
intersecting F in two distinct points x, y £ F. Let z G F a point between x 
and y, X < z < y. Then \fi~^{z) H a\ = 2. 

Proof. Note that oj ^ a since otherwise cr is a Ptolemy line in X^ intersecting 
F m. X, y in contradiction with Corollarv I8.6r 4(p ) . By the continuity of fj, we 
have \^~^{z) r\ a\ > 2, since at least one point of every arc of a from x to 
y projects to z. Assume that there are 3 points projecting to z, u from one 
arc, and v, v' from the other, then by Lemma ll3.2l the points u, v, v' are on 
the Ptolemy line through fi{u) and u. But they are also on a. Thus a and 
this Ptolemy line coincide by Corollary 14.101 This is a contradiction. □ 

Lemma 13.4. Given a C-line F C Xi^, points x, y, z G F such that 
X < z < y and a Ptolemy line I C X^ through z, there is at most one 
Ptolemy circle through x, y that meets I. 

Proof. It follows from Lemma 113.21 and Corollary 113.31 that every Ptolemy 
circle a through x, y that meets / intersects I in two points u, v separated 
hy z, u < z < V C I. If cj' 7^ fj is another Ptolemy circle through x, y that 
meets I in points n', v' , u' < z < v' C I, then the points u, v, u', v' C / are 
pairwise distinct by Corollarv 14. 101 Consider now the situation in a metric 
of the Mobius structure with infinitely remote point y. In this metric I is a 
Ptolemy circle intersecting F in z, w, and x G F is a point between z and uj. 
The Ptolemy circles <t, a' are Ptolemy lines through x. Let : Xy — t- F be 
the projection in this metric. Then ^iy{u) = = fJ-yiu') = fJ^y{v') = x, 

in contradiction to Corollarv 113.31 Thus a = a' . □ 
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Lemma 13.5. Under the assumptions of Lemma \13.S\ we have \uz\ = \zv\. 

Proof. We denote by / the Ptolemy line containing u, z, v. By Proposi- 
tion 18.21 there exists an isometry (p of preserving the order of C-Iines 
that extends the flip of I at z. Thus ip{x) = x, ip{y) = y, if{z) = z, ^p{uj) = oj. 
Then a' = '^{(t) is a Ptolemy circle through x, y that meets / at the points 
(p{u), (p{v). By Lemma [13.41 a' = a, hence ip{u) = v,ip{v) = u and thus 
\uz\ = \zv\. □ 

Corollary 13.6. The projection /u((t) is the segment in F from x to y. Let 
0"! and CJ2 he the two segments of a with endpoints x and y, then fj,\ai : ai — >• 
/i(cJi) is a homeomorphism for i = 1,2. 

Proof. Let z £ F he a point between x and y, x < z < y. There are Ui £ ui 
with /x(iij) = z, z = 1, 2, and by Corollary 113.31 the points ui, U2 are uniquely 
determined. By Lemma 113.51 we have \uiz\ = \u2z\. Then \uiz\ = \u2z\ — )• 
as z — >■ X or y. Indeed otherwise we find ui £ ui, U2 £ cr2 distinct from x, y 
such that //(til) = /i('U2) = x or y. Then by Lemma [13.21 there is a Ptolemy 
line I C through Ui, lJ-{ui), i = 1,2. These points are common for / and 
a, hence / = cr by Corollary 14.101 ^ contradiction since oj ^ a. 

If follows that fi~^{x)r\(7 = X and fi~^{y)ria = y. Furthermore fi~^{w)r\ 
fj = 0, if t(J G is not in the segment from x to y, since a C Xi_j is an 
embedded circle. Therefore both the restrictions fj.\ai : ai — )• n{cri), i = l,2, 
are continuous bijections and thus homeomorphisms. □ 

Lemma 13.7. Given points x < z < y in the C-line F and a Ptolemy circle 
a C Xi^ through x, y, we have \xz\ ■ \zy\ = \zu'\^ , where u £ a is a point with 
fi{u) = z. 

Proof. We denote \xz\ = a, \zy\ = d. In a first step we show that the 
distance r = \uz\ depends only on a, d. Let F' be a C-line with infinitely 
remote point uj\ x' < z' < y' be points in F' with \x'z'\ = a, \z'y'\ = d, 
a' C X^^i a Ptolemy circle through x', y', a point u' £ a' is projected to z' 
by the respective projection fj.' : X^^' — )• F' , where the distances are taken in 
a metric d^' of the Mobius structure. 

There are Ptolemy circles / and /' in X through uj, z, u and uj', z', u' 
respectively. By (E2), a Mobius map 99 : / — )• Z' with (p{uj) = u', ip{z) = z', 
(p{u) = u' , is extended to a Mobius automorphism X ^ X for which we 
use the same notation ip. Then (p : [X,d^) — t- {X^d^^i) is a homothety with 
99(F) = F' . Thus applying if necessary a homothety w.r.t. the metric d^^i 
that fixes z' and leaves invariant I' , we can assume that |zV(^)l = \z'x'\ = a 
and \z'ip{y)\ = \z'y'\ = d. Then if : {X,d^^) — (X, d^^/) is an isometry. 
Next, applying if necessary a vertical flip j : X^i — t- X^^i which fixes the 
Ptolemy line /' pointwise, we can assume that ip{x) = x', (/?(y) = y' . Then 
by Lemma 113.41 we have 99(0") = a' . Hence using Lemma 113.51 we obtain 
\z'u'\ = \zu\ = r. 
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In a second step we show that = ad. Let dz be the inversion of 
the metric Xdui{p,q) = X\pq\ with respect to z, where A = 1/ad, dz{p,q) = 
\ zpl \ fq \ ■ Then dz{u},x) = d, dz{uj,y) = a, and a is still a Ptolemy circle 
through the points x, y in the C-line F with infinitely remote point z. The 
Ptolemy line / in the metric d^^ through z, u with infinitely remote point 
uj is the Ptolemy line in the metric d^ through co, u with infinitely remote 
point z. Hence dziu},u) = r by the first step. On the other hand, we have 
dz{uj,u) = ad/r. Thus ad = r^. □ 

Proposition 13.8. Let a C be a Ptolemy circle that intersects the C- 
line F in distinct points x, y and meets a Ptolemy line I C in points u, 
V with \uz\ = \zv\ = 1, where z G I D F is the midpoint between x, y. Then 
\zw\ = 1 /or every w £ a. 

Proof. Let (/? : / — t- / be a Mobius involution with (p{u) = u, ip{v) = v and 
(p{z) = UJ, (p{uj) = z. By (E2), (/? extends to a Mobius automorphism of X 
for which we use the same notation, (p : X ^ X. Then ip preserves the C- 
circle F, ^p{F) = F, because by Corollarv I8.6r 3ir). F is the unique C-circle 
through z, u. 

Let dz be the metric inversion of d^^ w.r.t. z, where di^{p, q) = \pq\ for p, 
q e X, that is, dz{p, q) = \Jp\^\ig\ ■ Then if : {X,duj) ^ {X, dz) is an isometry 
because ^ 

dz{^{u),ip{z)) = dz{u,uj) = — = 1. 

du;[Z,U) 

We have \xz\ = \zy\, and |x2:|-|2;y| = 1 bv Lemma ll3.7l Thus \xz\ = \zy\ = 1. 
Then dz{x,u;) = l/\zx\ = 1 and similarly dz{y,uj) = 1. It follows that f 
preserves the set {x,y}, if{{x,y}) = {x,y} and hence the Ptolemy circle a 
is invariant under ip, '^{ct) = cr. 

By Proposition 112.51 there exists a vertical fiip j : X^ — )■ X^ that fixes 
the Ptolemy line I pointwise. Then j fiips F, j{x) = y, j{y) = x and thus 
j{a) = a. Applying j if necessary, we can assume that ip{x) = x, ip{y) = y. 
Then (p fixes a pointwise, 'p{w) = w for every w £ a. Now, we have 

\xw\ = dz{(p{x),ip{w)) = dz{x,w) 



\zw\ ■ \zx\ \zw\ 

which implies \zw\ = 1 for every w £ a. □ 

13.2 Computing the distance function D 

Now, we are able to find the distance function D, see section [12.2\ 

Proposition 13.9. We have D{a, b)^ = + 6'^ for each a, b > 0. 

Proof. Let a C be a Ptolemy circle through points x, y in the C-line 
F, £ F the midpoint between x, y, \xo\ = \oy\ = 1. By rescaling with 
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coefficient A > 0, which has to be found, we assume that |oz| = Xb, \zu\ = Xa 
for some u G a with = z, where z G -F is a point between o and 

y. Using Proposition 110.61 and notations \xz\ = c, \zy\ = d, we obtain 
(i2 = 1 _ x%'^, c2 = 1 + By LemmalSTl we have c^d^ = X^a^. Hence 
= 1/(0"^ + 6^). By Proposition fTXHl \ou\ = 1 = XD{a,b). Therefore, 
L'(a,6)4 = l/A^ = a4 + 64. □ 

13.3 The lifting constant 

Lemma 13.10. Let a C X^^ be a Ptolemy circle centered at z = iDF , where 
the Ptolemy line I C intersects a in u, v, the C-line F C X^^ intersects 
a in X, y. Let V C X^ be the tangent Ptolemy line to a at the point u. Then 
the lines I = iTuj{1), I = iTuj{1') C span a complex line, that is, J{1) \\ I 
for the canonical complex structure J : — )• B^^. 

Proof. We regard B^ as an Euchdean space with origin a = = tTuj{x) = 

iTui{y), and J as an isometry of B^ with J(o) = 0. 

By Proposition ll2.5| there is a vertical flip j : X^^ — )• X^^ with respect to z 
that fixes / pointwise. Then j(n) = u, j{v) = v, j{x) = y and = x. Thus 
j preserves a, j{a) = a. Moreover j preserves /', j{l') = I', by uniqueness 
the tangent Ptolemy line, see Proposition 14. 27^ and it acts on /' as a flip 
because j flips the Ptolemy circle a. 

Let I C Bi_j be the line through the origin o parallel to I . Recall 
that 7r^{j) = Conj, see sect. 112. 3[ Since j preserves / pointwise and flips 
I', the line I and thus the line I is orthogonal to I. It suffices to show 
that J(I) = I . To this end, we use a freedom in the construction of the 
vertical flip j. Namely, assume that J(I) 7^ I . Since J(I) _L I, the projection 
m C B^ of I to the orthogonal complement L-^ C B^ of the subspace L 
spanned by ui, vi = J{ui) is nontrivial. We construct a canonical basis 
b = {til, ^1, • • • ) UkiVk} of Bi^ for the complex structure J, see sect. 112.31 so 
that ui generates I and U2 generates m. Then for the respective conjugation 
isometry Conj : B^ — B^ we have Conj (I ) / / unless I = m because by 
definition Conj(ttj) = Uj, Conj(z;j) = —Vi iov i = 1, . . . , k. 

Since = I' , it follows from definition of the respective flip j : X^ — >• 
Xi_j, see Proposition 112.51 that Conj (I ) = I and hence I = m. But then 
the isometry Conj preserves l' pointwise and thus j preserves the tangent 
Ptolemy line /' pointwise. This contradicts the property that j acts on /' as 
a flip. Therefore J(I) = I , and I, I span the complex line L C B^. □ 

Lemma 13.11. Let fi = fip ■ X^ — )• X^ be the projection onto a C-line 
F C X^. Then for each u, v G X^ we have 

|/u(n)^(t;)|2 < \uv\'^ + 5{Tf, 
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where T = uzv is the (oriented) triangle in the base with vertices 'z = 
TToj{F), u = TT^{u), V = TTcaiv), and 5{T) is the displacement of the lifting 
isometry tt : — )■ X^^. 

Proof. Let F' = 7r~^(n) be the C-line in through u, u' = tt{u) G F' , 

v' = ^J-F'{v) G F' . By Proposition 110.61 we have |n'f'p = it 

and \uu'\ = 5{T). It follows from Proposition 113.91 that \uv'\ < \uv\. Thus 

\^{u)fi{v)\^ = |uVp < \uv\'^ + 6{Tf. 

□ 

Proposition 13.12. Let c > be the supremum of the lifting constants, 
taken over all the unit squares Q in B^, c = svlY)q5{Q), see section [771 
Then c = 2. 

Proof. Let a C X^^ be a Ptolemy circle of radius 1 centered at z G -F, where 
F C X^^ is a C-line, x, y £ a (1 F such that x < z < y with respect to the 
order O, I the Ptolemy line through z that intersects a. We denote with 
j : Xi^ — X^ a vertical flip which preserves I pointwise, see sect. 112.31 Then 
recall j{a) = a. 

Given t £ F, x < t < y, we denote with a = a(t) = \xt\, d = d{t) = \ty\. 
Then by Proposition 110.61 we have + = 2. For v £ a with fi{v) = t, 
we let r = r{t) = \tv\. Then by Lemma 113.71 = a ■ d. Denote with 
5+ = b^{t) = \xv\ and with 6^ = b^{t) = \yv\. Then by Proposition 113.91 

^b+)^ = a^ + r^ = a'{a^ + d^)=2a' 

and similarly (6-)^ = 2d^. Thus = ay/2 and {b-f = dV2. 

Now, we assume that a < d and take a point w € a on the arc xvy of 
a with iJ,{w) = s £ F such that \sy\ = a = \xt\, that is, vu = j{v). Then 
\yw\ = |xf I = \xw\ = \yv\ =h~ , and using the Ptolemy equality applied 
to the quadruple {x,v,w,y) C a, we obtain — (6^^)^ = |vw|-v/2- This 

gives 

d — a = \vw\. 

Furthermore, \st\'^ = d'^ — a'^ again by Proposition 110.61 

The Ptolemy line / intersects the Ptolemy circle a in two points, and 
we denote with u £ I a the point between v, w on the arc xvwy of a. 
Then j{u) = u and j preserves the tangent Ptolemy line I' to a through u. 
We denote with v', w' £ I' points closest in I' to v, w respectively. Then 
\vv'\ = o{\uv\), \ww'\ = o{\uw\). Note that \uv\ = \uw\ by j-symmetry. 
Thus \v'w'\ = \vw\ + o(|nf|) = d — a + o{\uv\). 

Since v'w' C I , by Lemma 113.101 the triangle T = 'zv'w' lies a complex 
line in B^, where z = tTuj{z) = 7ruj{s) = TTuj{t), v' = tt^{v'), w' = t^ui{w'), 
I = T^uji}')-, and thus the canonical complex structure J with J{z) = 'z 
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preserves the 2-subspace of that contains T. Hence the area law of 
hfting apphed to T gives 

6{T)'^ = (? ■ areaT, 

see Remark 111.61 where 5{T) is the displacement of the lifting isometry tt '■ 
— )• We have \v'w'\ = \v'w'\ = d — a + o{\uv\) , \zv'\ = \'7Tu){t)TT^{v)\ + 
o(|nt>|) = + oduvl) = r + o{\uv\) and similarly \zW'\ =r + o{\uv\). Thus 
areaT = ^r{d — a) + o{\uv\). 

Denote with t' = n{v') and s' = f^{w') points in the C-line F. Then 
S{T) = \t's'\. By LemmaimU < jWp + J(Tj)2, \ssf < \ww'\'^ + 

S{Ts)'^, where Tt = zvv', Ts = zww' are triangles in S^. We have \vv'\, 
\wW'\ = o{\uv\) and |^U|, Iwl < 1. Thus areaTf, areaT^ = o(|m?;|), and 
hence 6{Tt)'^, S{Ts)'^ = o{\uv\) by the area law of lifting. Therefore 
|ss'p = o(|uf I), and using Proposition I1U.61 we obtain 

||tVp-|ts|2| <\tt'\^ + \ss'\^ =0{\UV\). 

Then 

6{Tf = |fV|2 = |ts|2 + o{\uv\) = d^ -a^ + o{\uv\) 
and therefore 

d^ — = '^'''{d — a) + o{\uv\). 
Since a is a Ptolemy circle of radius one, we have a, d — t- 1 and 

V ad 

as \uv\ — )• 0. Thus c = 2. □ 



14 The model space dooKR'^ 

Every rank one symmetric space M of non-compact type is a hyperbolic 
space KH'^ over a normed division algebra K. The only possibilities are the 
real numbers K = M, dim IK = 1; the complex numbers K = C, dimlC = 2; 
the quaternions K = H, dimlC = 4; and the octonions IK = Ca, dimK = 8. 
Then dimM = k ■ dimlK, where k > 2 and A; = 2 in the case IK = Ca. We 
choose a normalization of the metric so that in the case IK = M the sectional 
curvatures of M are = — 1 and in the case IK 7^ M the sectional curvatures 
of M are pinched as —4 < Ku < — 1. 

We use the standard notation TM for the tangent bundle of M and U M 
for the subbundle of the unit vectors. For every unit vector u G UqM, where 
o S M, the eigenspaces Eu{X) of the curvature operator Tl{-, u)u : — )• u-^, 
where u"*" C TqM is the subspace orthogonal to u, are parallel along the 
geodesic 7(t) = expQ(t?i), t G M, and the respective eigenvalues A = —1, —4 
are constant along 7. The dimensions of the eigenspaces are dim£^„(— 1) = 
{k - 1) dimlK, dim£;„(-4) = dimK -l,u^ = Eu{-1) -E„(-4). 
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14.1 The Mobius structure of doo^B.'' 

We let Y = dooM be the geodesic boundary at infinity of M. For every 
o G M tlie function do(C,C') = e'^^l^')" for t ^ Y is a (bounded) metric 
on Y, where (C|C')o is the Gromov product based at o. For every lo £Y and 
every Busemann function 6 : M — )• M centered at oj the function db{u}, w) := 
and = e^'^^'^^'', except the case ^ = ^' = uj, is an (unbounded) 

metric on Y, where (C|?')fe is the Gromov product with respect to b. Since 
M is a CAT(— l)-space, the metrics do, satisfy the Ptolemy inequality 
and furthermore all these metrics are pairwise Mobius equivalent, see [FSl] . 

We let Ai be the canonical Mobius structure on Y generated by the 
metrics of type do, o £ M. Recall that M is the class of metrics on Y each 
of which is Mobius equivalent to any do- Then Y endowed with is a 
compact Ptolemy space. Every metric d G is of type d = db for some 
Busemann function 6 : M — )• M, or d = Xdo, for some o £ M and A > 0. We 
emphasize that in general metrics of A4 are neither Carnot-Caratheodory 
metrics nor length metrics. 

The following lemma is a modification of Lemma [ 



Lemma 14.1. Let ip : X ^ X be a Mobius involution, 99^ = id, of a 
Ptolemy space X with (p{u}) = lo' for distinct co, oj' G X . Then there is a 
unique metric sphere S C X between uj, uj' invariant for ip, ip{S) = S. 

Proof. Let d be a metric of the Mobius structure with infinitely remote point 
oj' . Since (p{uj) = lo' , the point uj is infinitely remote for the induced metric 
Lp*d. Thus for some A > we have 

/ * ,N/ N Ad(x,y) 
[lP d)[x,y) - 



d{x, uj)d{y, uj) 

for each x, y £ X which are not equal to u simultaneously. We let S = 
S^{u}) C X be a metric sphere between cj, uj' with = A, d{x,uj) = r for 
every x £ S. Then 

d{ip{x),uj) = d{p{x) , ip{uj' )) = [p* d){x,uj') = \/d{x,uj) = r 

for every x G S. Hence ipiS) = S. For any x G X with d{x,uj) ^ r the same 
argument shows that d{'p{x),uj) ^ r, thus an invariant sphere between uj, uj' 
is unique. □ 

Proposition 14.2. Let Y = dooM be the boundary at infinity of a rank 
one symmetric space M of noncompact type. Then regarded as a compact 
Ptolemy space with respective Mobius structure M, Y satisfies properties 
(E) and (I). 

Proof. Every rank one symmetric space M of noncompact type contains 
geodesic subspaces L isometric to H^. Then a = dooL C Y is a Ptolemy 
circle. Hence, the property (E) is fulfilled for Y. 
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Given distinct uj, co' & Y and a metric sphere S C Y between uj, to', we 
show that there is a unique space inversion ip = 'Pu},ui',s ■ Y ^ Y w.r.t. u, 
uj\ S. 

Let 6 : M — )• R be a Busemann function of the geodesic ray xuj C M, 
X £ I = ujuj' C M. Then the Gromov product ^ ^ w.r.t. b is weh 

defined for ^, ^' E y \ w, see e.g. \BS\ sect. 3. 2], |BK] . and the function 
d{^,0 = e"^^!^'-''' is a metric of the Mobius structure with infinitely remote 
point Lo. Let r > be the radius of 5, S" = 5*^(0;'). We take o G I with 
b{o) = — Inr. Let u G UqM be a tangent vector to I. For every £, GY such 
that the direction E UqM n of the ray C M is an eigenvector of the 
curvature operator, G Eu{—'^) U 4), the ideal triangle w^a;' lies in a 
geodesic subspace of M isometric to (the case G £'„(—!)) or to ^ 
(the case S Eu[—^))- By symmetry, o is an equiradial point of w^w', see 
|BKl Proposition 2.5], thus {^\oj')i) = h{o) = — Inr and d{^,uj') = r, that is, 

The central symmetry / : M — )• M at o, dof = — id-ToA/, is an isometry 
that induces a Mobius involution ip = doof : Y ^ Y without fixed points 
and with ip{uj) = oj' . Then for every ^ G S" with G £'„(— i^) we have 
'^fiO ~ ^ Eui—i^), i = 1,2. Thus ip{^) G S. It follows from Lemma fl 4. II 
that the sphere S is invariant for (p, ip{S) = S. Furthermore, every Ptolemy 
circle a C Y through uj, uj' is the boundary at infinity of a geodesic subspace 
L C M containing / and isometric to H^, see |FS1| . Since L is invariant for 
/, we have ip{(T) = a. Therefore, ip = ipu},u)',s ■ Y ^ Y is a space inversion 
w.r.t. UJ, uj' , S. 

Assume there is a Mobius involution ip : Y ^ Y , ip'^ = id, without fixed 
points and with tp{uj) = uj' , ip{S) = S, such that ip{cr) = a for every Ptolemy 
circle a CY through uj, uj'. We show that ip = cp. 

Let B cY he the union of all the Ptolemy circles through uj, uj' . Then 
iplB = ip\B because S intersects every arc between uj, uj' of a Ptolemy circle 
through UJ, uj' at a unique point, and any Mobius automorphism of a is 
uniquely determined by values at three distinct points. 

Note that the existence of the fibration TTt^ : 11, — )• Bi_j with the base B(_j 
isometric to ]^('=-i)dimK^ dimM = /c dim IK, is well known, and it follows 
from consideration of a model, see [Gol] for the case M = CH^ . 

We put 7] = ip~^ o ip and note that t]\B = ids- Then r/ : 1^ — )• 1^ is an 
isometry w.r.t. the metric d that induces the identity map of the base B^^. 
Thus rj preserves any foliation of 1^ by Busemann parallel Ptolemy line. 
Then r/ = id by the same argument as in the proof of Lemma 17.11 Hence, 
Ip = ip, and the property (I) is fulfilled for Y . □ 

14.2 Isomorphism with the model space SqoCH'^ 

For a given G X we fix as usual a metric from the Mobius structure with 
infinitely remote point uj. As in sect. [12] we introduce standard coordinates 
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in with origin o G X^^ identifying X^^ with M" x M = M"+^ by x = {z, h). 
Moreover, we regard X^ as the nilpotent group A'"^^, see sect. 19.31 identifying 
every x £ X^ with g G N^^ via the rule x = g{o). Then the multiphcation 
law of in the coordinates for g = {z, h), g' = {z\ h') is given by 

g-g' =[z + z\h + h' + ]^{J[z),z')^, 

where we used Lemmas 112.11 112.21 and Proposition 113.121 Next, we fix a 
canonical basis b = {ui^vi, . . . , Uk,Vk} of = M", n = 2k, for the complex 
structure J, where Vi = J{ui), i = l,...,k. Then z = {zi, . . . , Zf^.) for 
every z G B^^, where Zi = xiUi + yiVi with Xj, G M and z = Yli^ii 
that is, we identify B^ with the complex coordinate space C'^. Note that 
Conj Zi = XiUi — UiVi for every Zi = XiUi + tjiVi, and we use the standard 
notation Conj z = 'z for the complex conjugation. 

Let {z, z') = Ziz'j^ be the standard Hermitian form on C'^. 

Lemma 14.3. For each g = (z, h), g' = {z' , h') G we have 
g- g' = (^z + z',h + h' lm{z, z')^ . 

Proof. This follows from the equality {J{z),z') = — Im(z,z'). □ 

It follows that is the higher-dimensional Heisenberg group M.^, see 
[CiDPTI sect. 2.1.2]. 

Proof of Theorem li.^l We only need to consider the case p = 1 and to show 
that X is Mobius equivalent to 9cxdCH'^ taken with the canonical Mobius 
structure, dimX = n = 2A: — 1. 

It follows from Proposition 111.51 that the dimension of the base B^^ is 
even, dimBi^ = n — 1 = 2(k — 1). By Corollary 17.71 k > 2. In a given 
dimension a compact Ptolemy space that satisfies (E), (I) with p = 1 is 
uniquely determined up to a Mobius isomorphism by the lifting constant c, 
and this constant itself is uniquely determined by these properties, c = 2. 

We give more detail for this argument, which are however straightfor- 
ward. Let Y = (9ooCH'^ be the boundary at infinity of the complex hyper- 
bolic space CH'^ taken with the canonical Mobius structure. Since CH'^ is 
a CAT(— l)-space, the Mobius structure of 1" is a compact Ptolemy space, 
and dimy = 2A: — 1. By Propositions 114.^ Y satisfies properties (E) and 

(I). 

We fix metrics from the Mobius structures of X, 1" with infinitely remote 
points CO £ X and C ^ ^ respectively and introduce standard coordinates in 
X^, Y(^ identifying these spaces with respective nilpotent groups of isometrics 
Nuj, N(^. By Lemma 114.31 the multiplications laws in A'^, are identical, 
thus the groups are isomorphic via the isomorphism which associates to each 
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other the elements with equal coordinates. Moreover, this isomorphism is 
an isometry between X^, Y/^ because for any x = {z,h), x' = {z',h') G 
we have 

\xx'\^ = \z- z'\^ + 16\h -h' Im(zz')P (13) 

by the distance formula (jl2p from Proposition 112.51 together with Proposi- 
tion \UM □ 

Remark 14.4. The distance on a Heisenberg group M.^ given by Eq. (jl3p 
is called the Kordnyi gauge, see [CDPTj . In our approach, this metric is 
a member of the canonical Mobius structure on the boundary at infinity 
Y = dooCR^, cp. fCDPTl sect. 3.4.5]. 
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